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CHAPTER 1

Selections from [MG, Ch. 1V]: /-adic
representations attached to elliptic curves

This is taken from [MG, Ch. IV]. Since it is written in English, it is not a trans-
lation on my part, but rather a selection with some commentary. —PLC

Let E/k be an elliptic curve defined over a number field. For a prime number
4, let
pre 9 — Aut Vy(E)

be the f-adic Galois representation. The main result of this chapter is the determi-
nation of the Lie algebra of the ¢-adic Lie group Gy = py~(gx ). This is based on a
finiteness theorem of Shafarevich combined with the properties of locally algebraic
abelian representations (Ch. III of [MG]) and the theory of Tate curves.

1. Preliminaries

Let E/k be an elliptic curve defined over a number field. For a finite place v € Y,
we denote by O, (resp. m,, k,) the corresponding local ring (resp. its maximal
ideal, its residue field). We say that E has good reduction at v if there is some
Weierstrass equation f for E with coefficients in O,, such that its reduction over k, is
a nonsingular cubic: it is necessary and sufficeint that the discriminant A(f) € @F.
The curve E,, is the reduction of E at v; it does not depend on the choice of f (so
long as A(f) € OF).

One can show that E has good reduction at v iff there is an abelian scheme F,
over Spec O, with generic fiber E; this scheme is then unique and its special fiber is
E,,, which is defined over the finite field ky ; we denote its Frobenius endomorphism
by F,.

We see (either way) that E has good reduction for all but finitely many places
of K. If F has good reduction at v, then j(E) € O, and its reduction j(E) is the
j-invariant of the reduced curve E~’U.

Conversely, if j € O,, there is a finite extension L/K such that E/,;, has good
reduction at all places of L dividing v: this is the “potential good reduction” of
Serre-Tate [30, §2].

REMARK 1. These definitions and results are not particular to number fields
but rather hold for any discretely valued field.

Let £ be a prime number. Put
1
T, = lglE[fn] and V;, = Tg[z] =Ty ®z, Qq,
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6. SELECTIONS FROM [MG, CH. IV]: £-ADIC REPRESENTATIONS ATTACHED TO ELLIPTIC CURVES
and let py : g — Aut Ty be the f-adic Galois representation.

Let v be a place of K with p, # ¢, and let w be some extension to K; let D,
and I, be the corresponding decomposition and inertia groups. If E has good
reduction at v, then the reduction map gives an isomorphism E[("] 5 E,[¢"]. In
particular, E[¢"], Ty and V; are unramified at v and the Frobenius automorphism
F, py0o of Ty corresponds to the Frobenius endomorphism F), of E,. Hence:

det F, p,0c = det F;, = N,
and ~
#E,(ky) = det(1 — Fyp,o. ) = det(l — F,) =1 —-Tr F,, + Nov.
The converse is also true:

THEOREM 1. (Criterion of Néron-QOgg-Shafarevich) If Vy is unramified at v for
some € # p,, then E has good reduction at v.

PROOF. See [32, §1]. O

COROLLARY 1. Let E i and E}K be two elliptic curves. If E and E' are
K -rationally isogenous, then they have the same places of good reduction.

PROOF. Anisogeny F — E’ induces a Galg-isomorphism V;(E) — Vy(E’). O

THEOREM 2. (Shafarevich) Let K be a number field, and let S C Yk be a finite
set. The set of K-isomorphism classes of elliptic curves E ;. with good reduction
outside of S is finite.

Since isogenous elliptic curves have the same places of bad reduction, we have the
following important consequence.

COROLLARY 2. For every elliptic curve defined over a number field E;r, the
number of K-isomorphism classes in the K -rational isogeny class of E is finite.

To prove Shafarevich’s Theorem we will use the following result. This is a version
of the existence of global minimal Weierstrass models over a PID. -PLC

LEMMA 1. Let K be a number field, and let S C Y be a finite subset containing
all places lying over 2 and 3, and such that the S-integer ring Og is a PID. Then
an elliptic curve E,i has good reduction outside of S iff it admits a Weierstrass
equation of the form

y? = 4a® — gox — g3, with g; € Og and A = g5 —27g5 € 05
PROOF. (]

Now we give the proof of Theorem 2. After adding finitely many places to S if
needed, we may assume that S contains all places lying over 2 and 3 and that Og
is a PID. If £,k has good reduction outside of S, Lemma 1 gives us a Weierstrass
model of the form
(#)y* = 42° — g2z — g3

with g; € Os and A = g5 —27¢3 € OF. Since we may multiply A by any u € (9§12,
and since O /OZ'? is a finite group Dirichlet S-Unit Theorem. ~PLC, we see that
there is a finite subset X C OF such that any elliptic curve of the above type can
be written in the form (%) with g; € Og and A € X. For fixed A, the equation

U3 —27v2=A
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has only finitely many solutions in Og: Siegel’s Theorem [AECI, §IX.3].

2. The Galois Modules Attached to F

An elliptic curve E/ i defined over a number field has K-rational CM if the ring
of K-rational endomorphisms is larger than Z. In other words, F has complex
multiplication and the ground field contains the CM field. — PLC

LEMMA 2. Let K be a number field, and let E,k be an elliptic curve without K -
rational CM, and let E' — E, E"” — E be K-rational isogenies with cyclic kernels
of orders n1 # ny. Then E' % E”.

THEOREM 3. Suppose E,k is an elliptic curve defined over a number field
without K -rational CM. Then:
(a) Vy is irreducible for all primes ¢, and
(b) E[f] is irreducible for all but finitely many primes £.

The following result is the main theorem of [MG].

THEOREM 4. Let E, i be an elliptic curve defined over a number field K. If E
has no CM, then py~(Galk) has finite index in Aut Ty(E).

3. Variation of Gy~ and G, with ¢

Let .
p:Galg — [[AutT, = GL, Z
4

be the adelic Galois representation. Put
G = p(Galg),
G = pp=(Galk),
Go = pe(Galk).

LEMMA 3. Let E/i be an elliptic curve over a number field K. We have:
(i) det G is open in Z*.
(i) For all but finitely many ¢ we have det Gy = Z; and det Gy = F'.

PROOF. Left to the reader: an exercise on the cyclotomic character. -PLC 0O

To get from the f-adic open image theorem to an adelic open image theorem, we
have the following key result.

LEMMA 4. (MAIN LEMMA) Let G C [[, GL2(Z¢) be a closed subgroup, and let
G and Gy denote its images in GLa(Zy) and GLo(Z/0Z). Suppose:
(i) Gy is open in GLa(Zg) for all primes £;
(ii) det G is open in Z*; and
(iii) Gy contains SLy(Fy) for all but finitely many L.
Then G is open (equivalently, has finite index) in GLy Z.

PROPOSITION 1. Suppose that E,k is a non-CM elliptic curve defined over a
number field. The following are equivalent:
(1) G is open in [ [, Aut T;.
(i1) Gyoo = Aut Ty for all but finitely many .
(#ii) G = Aut E[l] for all but finitely many £.
(iv) G¢ D SL E[{] for all but finitely many €.
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PRrROOF. (i) = (ii) = (iii) = (iv) is immediate. To show (iv) = (i),

we plug Theorem 4 and Lemma 3 into Lemma 4. (]
3.1. Proof of the Open Image Theorem for non-Integral j.

The following is a special case of the main theorem of Serre’s 1972 paper. It is

interesting to see how much easier the proof becomes under an additional hypoth-
esis. It is also related to many examples given in §5 of that paper.

THEOREM 5. Let E i be an elliptic curve defined over a number field such that
J(E) ¢ Ok. Then E satisfies the equivalent properties of Proposition 1.

3.2. Proof of the Main Lemma.



CHAPTER 2

Galois properties of points of of finite order on
elliptic curves

Introduction

The present work completes my McGill course [MG]. It concerns showing that
the Galois groups associated to torsion points on elliptic curves are “as large as
possible”. The methods of [MG] succeed if we restrict ourselves to points of order
™ for £ a fixed prime number. They become insufficient when one varies ¢: it is
essentially this variation that we are going to study.

More precisely, let K be a number field, K an algebraic closure of K, and let
G = Aut(K/K). Let E/k be an elliptic curve. Then E(K) is a G-module. If

n € Z*, we denote by E[n] the subgroup F(K)[n|; this is a free Z/nZ-module of
rank 2, and the action of G on E[n] is given by a homomorphism

pn : G — Aut E[n] =2 GLy(Z/nZ).

The group p,(G) is the Galois group of the extension K(E[n])/K obtained by ad-
joining the coordinates of the points of En].

The properties of p,, are well known when E has complex multiplication, i.e.,
when the ring of K-endmorphisms has rank 2 over Z [9], [10], [30] as well as §4.5.
For now let us steer clear of this case; otherwise put we suppose that E does not
have complex multiplication. The result we have in mind can be stated as follows:

(1) The index of p,(G) in Aut E[n] = GL2(Z/nZ) is bounded by a constant de-
pending only on F and K.

It is of interest to reformulate (1) by “passing to the limit” on n. The group
Aut(E][tors]) is the inverse limit of the finite groups Aut E[n]; this is a profinite
group, isomorphic to

@GLQ(Z/TLZ) = GL2(2)7 where Z = @Z/nZ.
The action of G on E[tors] defines a continuous homomorphism
Poo 1 G — Aut Eltors].

The assertion (1) is equivalent to:
(2) The group poo(G) has finite index in Aut E[tors].

Because po(G) and Aut E[tors] are compact, (2) amounts to saying that po(G) is
open in Aut Etors]. Otherwise put:
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(3) There is m € Z*T such that po(G) contains every automorphism of E[tors]
which acts trivially on E[m)].

Let P be the set of prime numbers. If £ € P, let E[(>*] = J,, E[("], i.e., the (-
primary component of E[tors]. Its automorphism group is isomorphic to GL2(Z,),
where Z, is the ring of ¢-adic integers. One has
Eltors] = €P E[¢*]
LepP
and
Aut Eftors] = [ Aut E[¢>] = [ ] GL2(Z).
teP P
Let us write pgps : G — Aut E[¢*°] for the ¢-component of p.; it gives the action
of G on E[¢>°]. The assertion (3) is equivalent to the conjunction of the following
two statements:

(4) For every £ € P, py (G) is open in Aut E[(>°].
(5) For all but finitely many ¢ € P, ¢ (G) contains Aut E[¢>].

The assertion (4) was already known: this is the principal result of [MG]: c.f.
page IV-11. The new result is (5), which implies:

(6) For all but finitely many ¢ € P, we have pg (G) = Aut E[(>].
In particular:
(7) For all but finitely many ¢ € P, we have p,(G) = Aut E[/].

In fact, given what was shown in [MG], the assertions (5), (6) and (7) are equiv-
alent [MG, IV-19]. Everything comes down to showing (7): otherwise put, if we
identify Aut E[¢] with GLo(Fy), we must show that

pe - G — GLQ(F[)

is surjective for all but finitely many ¢. The main idea of the proof is the following;:

Let v be a place of K of residue characteristic £/, w a place of K extending
v, and let I, be the correponding inertia subgroup of G. We suppose that v is
unramified over Q and E has good reduction at v (as is the case for all but finitely
many ¢). An easy local argument shows that p,(I,,) is a subgroup of GLa(IF;) of
one of the following types:

(i) split semi-Cartan: a cyclic group of order ¢ — 1, with matrix representa-

. * 0
tlon[o 1}

(i) semi-Borel: a solvable group of order /(¢ — 1), with matrix representation

o1

(ii) nonsplit Cartan: a cyclic subgroup of order ¢2 — 1.
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Thus p¢(G) contains a subgroup of type (i), (i’) or (ii). Now one can list the
subgroups of GL2(F,) which have this property. We deduce that if (7) fails, there
is an infinite subset L C P such that for all / € K, we are in one of the following
situations:

(a) pe(G) is contained in a Cartan or a Borel subgroup of GLy(F,); or
(b) pe(G) is contained in the normalizer N, of a Cartan subgroup C; and not con-
tained in Cy.

In case (b) N¢/Cy has order 2 and the homomorphism G — N,;/C, cuts out a
quadratic extension Kj/K; we show that this extension is unramified outside of a
finite set of places of K which is independent of ¢. The compositum K’ of K, is
therefore finite over K This uses Hermite’s finiteness theorem from algebraic num-
ber theory — PLC. By replacing K by K’ we reduce to the case where {py}scr, are
all of type (a). Let pp : G — GLy(Fy) be the semisimplification of p;. The groups
pe(@) are abelian; using class field theory, one can interpret the gy as idele class
characters of K. The family {ps}ecs, enjoys certain global properties — existence of
a conductor; rationality of Frobenius elements — and local properties — characters
of bounded exponent — which are made explicit later on. These properties allow us
to show that the system p; comes from a representation

Po - Sm — GLsy

of algebraic groups Sy, defined in [MG, Ch. II]. Using the results of [MG, Ch. IV]
we deduce that E has complex multiplication, contrary to our hypothesis.

The proof sketched above is the subject of §4. The first three sections contain
various preliminaries. §1 gives results of a local nature, mainly concerning the
tame inertia group and its action of torsion points of elliptic curves and formal
groups: we find that this action can by given by products of fundamental charac-
ters with exponents bounded by the ramification index of the local field considered:
the existence of such a bound plays an essential role in what follows (as the hypoth-
esis “locally algebraic” of [MG, Ch. III-IV]. §2 compiles some elementary results
on subgroups of GLy(FF,) and notably on those which contain a Cartan or semi-
Cartan. §3 supplements [MG] by giving a condition which allows us to show that
a system of f-adic representations of a number field comes from a representation of
some Sy, this condition is essentially on the mod ¢ reduction: c.f. Thm. 6 of §3.6.
85 contains special results over Q and gives numerical examples, treated in detail:
I have tried to make it as independent as possible of the preceding sections. A final
§ treats the case of a product of two elliptic curves.

1. Tame Inertia

1.1. Notation.

In this §, K will denote a field which is complete with respect to a discrete valuation
v, which we will suppose is normalized: v(K*) = Z. Let A denote the valuation
ring, m is maximal ideal, and put k¥ = A/m. We suppose that the residue field k
has characteristic p > 0. Let e = v(p), so 1 < e < oco. Starting in §1.9 we will
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assume e # oo: i.e., that K has characteristic 0.

When we want to specify the dependence on K we will write vg, Ak, ..., ex.

1.2. Galois Groups.

(The results recalled in §1.2 through §1.4 are well known: see for example [25,
Ch. IV] or [5, Ch. 1].)

Let K*°P be a separable closure of K. The valuation v extends uniquely to K*°P,
and the corresponding residual field is an algebraic closure k of k. We have

K5P 5 Kt 5 K" 5 K,

where K, is the maximal unramified extension of K and K*/K"" is the maximal
tamely ramified extension of K. The residue fields of K" and K ! may be identified
with the separable closure k5P of k in k. We put

G = Aut(K*P/K), I = Aut(K5P/K"™), I, = Aut(K*P/K").

We have G D I D I,,. The group I (resp. I,) is called the inertia group (resp. the
p-inertia group 1 would say wild inertia group — PLC. of the Galois group G
it is a closed normal subgroup of G. The group G/I = Aut(K"™"/K) is identified
with G = Aut(k5P /k).

The group I, is the largest pro-p-group contained in I. The quotient I* =
I/1, = Aut(Kt/K") is the tame inertia group of G (or of K); this group will play
an essential role in all that follows.

1.3. Structure of the Tame Inertia Group.

Let d be a positive integer, prime to p. We denote by ug the group of dth roots of
unity in K""; under reduction modulo the maximal ideal, this group is identified
with the group of dth roots of unity in k°P.

Let = be a uniformizer of K", and let K¢ = K" (za). The extension
K%/K"7 is totally tamely ramified, with Galois group isomorphic to ug. More
precisely, if s € Aut(K?9/K""T), there is a unique dth root of nuity f4(s) such that

s(ad) = 0a(s) = 2,

and the map 0y : Aut(K¢/K"") — pu4 defined in this way is an isomorphism.
Moreover, K4 and 63 do not depend on the choice of z, nor on the choice of its dth
root.

The field K? is the union of the K¢ for all gcd(d,p) = 1. Thus:

I, = Aut(K'/K"™) = 1'£1Aut(Kd JEK"),
d

and we obtain:

PROPOSITION 2. The isomorphisms 04 define an isomorphism
0:1; — ]'Lnﬂd-
d

(To be sure: the transition maps pgqe — pa of the inverse system are o — ad/.)
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REMARK 2. When k is algebraically closed, the group Liild ta can be viewed as
the fundamental group 71(Gy,) of the multiplicative group G, and the isomorphism
0: Iy = m1(G,y,) obtained in this way coincides with the one furnished by geometric
local class field theory, c.f. [24].

We return to the general case. If ¢ is a power of p, let us denote by F, the g-element
subfield of £°°P. We have F; = pi,_1. Moreover, the integers of the form ¢ — 1 are
cofinal in the set of integers prime to p ordered by divisibility: indeed, if d is susch
an integer, there is n > 1 such that p” =1 (mod d), for example n = p(d). Thus
the inverse system (uq) is equivalent to the inverse system formed by F7 and the
norm maps

N:Fgm = Fy, N(a)= ittt

Proposition 1 is thus equivalent to:
PROPOSITION 3. The isomorphisms 0,1 define an isomorphism
0:1I; — yLnIFqX,
where By ranges over finite subfields of k*°P.

1.4. Functoriality of 6.

Let K’ be a closed, non-discrete subfield of K, and let e(K/K’) be the ramifi-
cation index of K over K’, in other words the index of vgx (K ) in Z. We denote

by It k (resp. Ik.) the tame ramification group of K (resp. K’). Then there is an
evident homomorphism I; g — I; x+ and the diagram

I = him g

I = Hm 14
with right hand vertical map being multiplication by e(K/K') is commutative: one

verifies this without difficulty, either directly or by using Proposition 7 below.
1.5. Case of a finite residue field.

In this section we suppose that k is a finite field [Fy.

Let L/ K be a tamely ramified abelian extension of K. The inertia subgroup I(L/K)
of Aut(L/K) is a quotient of I}, whence a canonical surjective homomorphism
o Iy — limpug — I(L/K).
On the other hand, local class field theory associates to L/K a homomorphism
w: K* — Gal(L/K), the reciprocity map. If U is the group of units of K*, we
have w(U) = I(L/K) and w(1 + m) = {1}, c.f. [25, Ch. XV]. As U/(1+m) = k*,
we see that w defines by passage to the quotient a surjective homomorphism
w:k* = I(L/K).
Since k* = F = p4—1, it is natural and biblical? — PLC to compare o and w.

PROPOSITION 4. The homomorphisms o and w are inverses. More precisely,
we have
a(s) =wol, 1(s7t) forall s € I,
where 041 denotes the homomorphism from I; onto k> = pq—1 defined in §1.3.
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PROOF. Put d = ¢ — 1. Let z be a uniformizer of K and let K¢ = K™ (z),
c.f. §1.3. Since w : k* — I(L/K) is surjective, I(L/K) is finite of order a divisosr
of d, which shows that L is contained in K¢. In view of the functorial properties
of a and w, we may thus suppose that L = K%,

If s € I;, we have, by definition of 4,

s(zd) = 04(s)xd.
On the other hand, let t € k>, and let w(t) be the corresponding element of I(L/K).
We have
w(t)(x) = (z,t)qxd,
where (x,t)q € pa is the local symbol associated to = and ¢, c.f. [25, Ch. XIV]
(here and hereafter, we identify the element ¢ of £* with the corresponding root of

unity of K*, i.e., with its multiplicative representative). But, according to a known
formula [25, p. 217, Cor. to Prop. 8], we have

(v,t)q =t =¢71,

If we take ¢ = O4(s™!), we thus have w(t)(z4) = s(z7), and, since s and w(t) act
trivially on K'""*, one sees easily that s and w(t) in the same way on K¢ = L. O

1.6. Representations of G in characteristic p.

Let V' be a vector space of finite dimension n over a field k; of characteristic p, and

let p: G — GLV be a continuous (i.e., with open kernel) linear representation of
GonV.

PROPOSITION 5. If p is semisimple, we have p(I,) = {1}.
(Recall that I, is the wild inertia group of G = Aut(K*P/K), c.f. §1.2.)

ProOF. It suffices to show that p(I,) = {1} when p is simple. Let V' be the set
of elements of V' which are pointwise fixed by p(I,). Since p(I,) is a finite p-group,
we have V' # 0 [25, p. 146, Thm. 2], and as I, is normal in G, V' is invariant
under p(G) a fun three line exercise here — PLC hence equal to V. O

Let us suppose that p is semisimple. Proposition 5 shows that I, acts trivially
on V, and the action on I factors through an action on the tame inertia group
I, = I/I,. The image of I; under p is a cyclic group of order prime to p; if &y is
sufficiently large (e.g. separably closed), on can diagonalize p(I;). Otherwise put,
the restriction of p to I; is given by characters v; : Iy — k', i =1,...,n. We will
see a little later on how to make these characters explicit.

EXAMPLE 5. Let V), be a vector space of dimension n over the p-adic field
Qp, and let ¢ : G = GLV, be a continuous linear representation of G on V.
Let us choose a Zy-lattice T, of V,, stable under G [MG, p. I-1]. The F,-vector
space T,,/pT, has dimension n; the natural representation of G on this space is not
necessarily semisimple; let us denote by ¢ its semisimplifiation, in other words the
direct sum of the simple represetantations occuring in a Jordan-Hdélder sequence for
T,/pT,. According to a theorem of Brauer-Nesbitt (6, §82.1], the isomorphism class
of ¢ does not depend on the choice of lattice T),. Applying Proposition 5 to ¢ one
obtains a representation of the group G/I,, hence characters i1,...,%, of I as
above.

This applies notably to the representation p attached to the Tate module V), of
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an abelian variety (resp. a p-divisible group) defined over K (resp. defined over the
ring A), it being understood that K has characteristic 0.

1.7. Characters of I;.

We are going to make explicit the group X = Hom(1, k%P *) of continuous char-
acters of [; with values in £°P* (or in the union of the F, which amounts to the
same thing).

The characters 64 : I; — Aut(K?/K"™) = 14 of §1.3 belong to X, and we
will use them to parameterize X. More precisely, we denote by (Q/Z)’ the set of
elements of Q/Z of order prime to p. Every element « of (Q/Z)" can be written

a

as o = § with a,d € Z and ged(d, p) = 1; denote by x, the ath power of 4; one
checks immediately that y, depends only on a and not on a and d. Morover:

PROPOSITION 6. The map o — Xq is an isomorphism from (Q/Z)’ to the group
X of characters of I;.

PRrROOF. The group (Q/Z)’ is the union of the subgroups éZ/Z; on the other
hand I; is the inverse limit of the g4, and X is the direct limit of the groups
X4 = Hom(pg, k5P ). The proposition follows from this and the fact that o — x,
is an isomorphism from éZ/ Z onto Xg . ([l

If ¢ € X, the element « of (Q/Z)" such that ¢» = x, is called the invariant of 1.

In particular the invariant of 6, is é.

REMARK 3. The p-primary component of Q/Z is Qp,/Z,, and we have direct
sum decompositions

Q/Z=Qy/Z, ® (Q/Z)' and (Q/Z)' = P Q/Ze.
L#£p

We have in particular a canonical projection Q — Q/Z — (Q/Z)" with kernel Z[%],
If a € Q, we will allow ourselves to denote by xo the character xo corresponding

to t he image o of a in (Q/Z), and we will say that the invariant of xo is «
(mod Z[%])

EXAMPLE 6. (Fundamental Characters) Let n € 7", and let ¢ = p™. A funda-
mental character of level n is a character obtained by composing the character

Gq_l : It — Hg—1 = IF;(

with a field isomorphism of F,; in other words such a character is conjugate over
F, to the character 0,_1; one can write it as

X—efl" Li=0,1,...,n—1.

There are thus n fundamental characters of level n; their invariants are qp%i = ,
where 0 <1 <n-—1.

More generally, let ki be a field of characteristic p. A character x of I; with
values in ki is fundamental of level n if it is obtained by composing 0,1 with a

field embedding Fq — k.
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1.8. Representation of G on m,/m}.

We extend the valuation v from K to K®°P; in this way we obtain a valuation
on K*®°P with value group v(K%P*) equal to Q. For a € Q, denote by m, (resp.
m}) the set of x € K*P with v(x) > a (resp. v(z) > «a); the quotient

Vo =mg/m}

is a vector space of dimension 1 over the residue field k of K*°P. The group G =
Aut(K®?/K) acts naturally on V.

PROPOSITION 7. Let s € G, and let o be the image of s in the group Gk =
Aut(k**P/k) = Aut(k/k). The automorphism of V., defined by s is o-linear.

PROOF. Indeed, the map (), z) — Az from k x V,, to V, commutes with the
action of GG, hence we have

s(Az) = s(A)s(z) = a(N)s(x),
which means by definition — PLC that x — s(z) is o-linear. |

According to Proposition 7 the elements of I act linearly on V; since V, has
dimension 1, that means that I acts on V,, by means of a character ¢, : I — EX;
we have

s(x) = po(s)x for all s € I and x € V,.

Since & contains no element of order p, the character ¢, is trivial on I, hence
can be considered as a character on the tame inertia group I, = I/I,,.

PROPOSITION 8. The character ., giving the action of I; on 'V, is the character
Xo defined in §1.7.

PrROOF. Let o, 8 € Q. The map (z,y) — zy from m, X mg to myyg defines by
passage to the quotient an isomorphism from V, ® V3 to V,4g; this isomorphism
commutes with the G-action. One concludes that ¢, = @aps, otherwise put
that a — ¢, is a homomorphism.

On the other hand, let d be a positive integer prime to p, and elt = be a dth
root of a uniformizer of K. We have

1
v(z) = p and s(z) = 04(x)z for all s € I, c.f. §1.3.

It follows that p1 = 04 = X1 Thus, since a € Q, there is a power g of p such that
qa = § with a € Z and d positive and prime to p. In view of the additivity of the
maps « — ¢, and a — x, we conclude that

Yo =ps =91 = X1 = Xa,
whence ¢, = X4 since the character group of I; has no p-torsion. O
Application: the action of I on p,
Suppose that K has characteristic 0. Let p, be the group of pth roots of unity
in K®P. The group G acts on p, and its subgroup I, acts trivially (Prop. 4).

We thus obtain an action of I; on pu,, whence a character now called the mod p
cyclotomic character — PLC

X Iy — Ty = Aut(py).
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PROPOSITION 9. The character x giving the action of I on p, is the eth power
of the fundamental character 0,_1 of level 1.

(Recall that e = v(p) is the absolute ramification index of K.)

Proor. Put o = <5 If z € p, \ {1}, we know that v(z — 1) = . We thus
conclude that the map z — 2z — 1 induces by passage to the quotient an injective
homomorphism of y, into V4,; this homomorphism commutes with the action of G,
and in particular with that of I;. The proposition follows, since I; acts on V, via

€

the character xo = 6,_;, c.f. Prop. 8. O

COROLLARY 3. Ife=1, then x = 0p_1.

1.9. Representation of G defined by a formal group (e = 1 case).

In this section we suppose that e = 1, i.e., that p is a uniformizer of K; in partic-
ular, K has characteristic 0. We denote by A*°P he valuation ring of K*°P and by
m*P the maximal ideal of A%°P. Let
F(X,Y) =X+Y+ Z Cinin, Cij € A
1,521

a one-dimensional formal group law over the ring A (c.f. e.g. [12, Ch. III-IV]). Let
PI(X) = a; X', a; € A
i=1

be the “multiplication by p” map for the group law F’; this is a formal power series
for which the first coefficient a1 is equal to p. We suppose that F' has finite height
h [12, Ch. 1V, §2]; if we put ¢ = p”, this means that we have

a; € (modm)Vi<g, ag ¢ m,

so that the reduction modulo m of [p] has leading term X9.

We denote by V' the kernel of [p], i.e., the set of 2 € m**P such that [p](z) = 0;
we furnish V' with the composition law (z,y) — F(z,y). One knows (c.f. [14]
or [12, p. 107]) that V is an F,-vector space of dimension h. The group G acts
naturally on V, and we find ourselves in the situation of §1.6.

PRoOPOSITION 10. There exists on V' the structure of a 1-dimensional F,-vector
space enjoying the following properties:
(i) For s € G, let o be the image of s in G = Aut(k*P/k), and let o, be the
restriction of o to F,. The automorphism of V defined by s is o4-linear.
(i1) The group I, acts trivially on V', and the group I, = I /I, acts by means of the
fundamental character 041 : Iy — F of level h.
(Recall that B, is the subfield of ¢ = p" elements of k*°P.)

PROOF. The proof is essentially the same as that of Proposition 9 (which we
recover by taking for F' the multiplicative formal group law X +Y + XY). If x is
a nonzero element of V', we have

p+a2z+...+aqzq71+...:0,

and as the a; are divisible by p for i < ¢, one sees, by comparing valuations, that
1

v(z) = qfll. Put a = 5. If z,y € V, then z,y € m, and

F(r,y)=x+y (modm}).
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We deduce that the projection m, — V,, = m,/m} defines an injective homomor-
phism V < V,,; this homomorphism commutes with the G-action, which already
shows that I, acts trivially on V. If we identify V with its image in V,, then
Proposition 8 shows that I; acts on V' according to the formula

s(x) =04-1(s)zifsel, zeV.

Since 0,1 : Iy — F is surjective, this implies that V' is stable under multiplication
by F; and thus is an F -subspace of V,; since #V = ¢, it has dimension 1. Then
(i) follows from Propostion 7 and (ii) follows from Proposition 8. |

COROLLARY 4. The image of Iy in GLV is formed by the homotheties x — Av
with A € F; this is a cyclic group of order ¢ — 1.

Proor. This results from the fact that 0, : Iy — IFqX is surjective. O

COROLLARY 5. Suppose k = F,. The image of G in GLV is formed by all
semilinear automorphisms of the Fy-vector space V.
(In other words, the image of G in GLy(FF,) is the normalizer of the Cartan subgroup
Fx.)
q

PRrooF. Indeed, the hypothesis k = F,, implies that every automorphism of IF,
is of the form o, hence is induced by an element of G. O

REMARK 4. 1) The F-vector space structure on 'V is independent of the choice
of x; it depends only on the formal group defined by F.

2) Let k1 be an algebraic closure of Fy, and Vi = k; ®F, V. The action of G
on V extends to a ki-linear action on Vy; moreover, upon restriction to Iy one can
diagonalize this action (§1.6). More precisely:

COROLLARY 6. The h characters giving the action of I on Vi are the h fun-
damental characters Iy — ki of level h.

PROOF. Indeed, let I" be the set of embeddings of F, in ky. For v € T, let V)
be the 1-dimensional vector space obtained from V' via scalar extension v : g — k.
One checks immediately that V; is the direct sum EBweF Vi and that I; acts on
V() via the character v o 6,_1. The corollary follows, since o 6,1 are precisely
the h fundamental characters of I; of level h. (I

1.10. Representation of G defined by a formal group (general case).

The results of §1.9, concerning the case e = 1, are sufficient for the applications we
have in view. We will limit ourselves to rapidly indicating what happens when e is
any integer.

Let F' be a one-dimensional formal group law over A, of finite height A, and let
[p](X) be the corresponding multiplication by p map:

(oo}
P)(X) =) aiX;,
i=1
with a; € A, a1 = p, v(a;) > 1if i < ¢ =p" and v(a,) = 0.

Again we denote by V' the kernel of [p] on m®P; this is an F,-vector space of
dimension h. The valuations of the element of V' can be read off of the Newton
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polygon! of the formal power series [p](X). Because we are only concerned with
elements of positive valation, only the part of the polygon of negative slope interests
us. In view of the properties of the v(a;)’s given above, this part is a “broken line”
i.e., piecewise linear — PLC whose projection onto the axis Ox is the segment [1, .
Let P; = (g;,e;) be the vertices, with

l=gp<g<@<...<g,=4q.

There is a figure at this point which I do not reproduce — PLC.
We have e; = v(ay,) and in particular eg = v(a1) = v(p) = e and e, = v(ay) = 0;
the e;’s form a strictly decreasing sequence.

The slope of the ith side P;_, P; is —o;, where a; = Z:jq,_j’ and the length of
the projection of P;_1P; on Ox is q; — q;—1. It follows that the number of elements
of V' of valuation «; is q; — q;—1 and that every nonzero element of V' has valuation

«; for some i. We have

L >0 > 00> Oy

For 1 <i<m,let Vi={z €V |v(®)>a}; put V¥ = {0}. One checks without
difficulty that the V? are subgroups of V; they form a strictly increasing filtration

0=V'cVicVvic...cvm=V.

Since #V* = ¢;, we conclude that ¢; is of the form p™ with 0 < hy < hy < ... <
hpm = h. Put gr'V = V¢/Vi=! for i = 1,...,m. The group G acts on V and
preserves the filtration {V*}, so it also acts on gr! V for all i.

PROPOSITION 11. a) The group I, acts trivially on gr' V.
b) Let ki be an algebraic closure of F,. The characters giving the action of I,

on k1 Qr, grt V are the (e;_1 — €)th powers of the fundamental characters of level
h; —hi_1.

PROOF. The inclusion of V? in m,, defines by passage to the quotient an in-
jective homomorphism gr' V' — V,,, = m,, /m{ . Since I,, acts trivially on V,,, this
shows part a). For b), we first remark that I; acts on V,, by the character xq,;
writing «; in the form

€i—1— €
phi—l (phi_hi—l — 1) ’

we see that ., is he (e;—1 — e;)th power of one of the fundamental characters of
level h; — h;_1; the assertion (b) can be deduced from this without great difficulty !
— PLC using the fact that the set of characters of I; giving the action of this group
on k1 ® gr' V is invariant under conjugation over FF,,. (Il

Q; =

REMARK 5. We will see that the exponents e;—1 — e; which show up in part b)
are between 1 and e; we will return to this point in §1.13.

1.11. Representation of G defined by an elliptic curve having good
reduction.

In this section as well as the next, we suppose that K has characteristic 0. The

1For all that concerns Newton polygons and formal power series, see for instance F. Bruhat,
Lecture on some aspects of p-adic analysis, pp. 111-114, Tata Institute, Bombay, 1963.
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letter F denotes an elliptic curve? over K. We denote by E[p] the kernel of mul-
tiplication by p in E(K®P); this is an F,-vector space of dimension 2. We are
interested in the natural representation of G on E[p]. As A2E[p] is canonically
isomorphic to the group p, of pth roots of unity [4, Thm. 8.1], the determinant of
the representation of G in Elp] is the cyclotomic! — PLC character G — F,‘ giving
the action of G on p,; according to Proposition 8, the restriction of this character
to I is the eth power of the fundamental character 6,_; of level 1. This gives a
first piece of information about the Galois module E[p].

Let us now make the hypotheses that E has good reduction over A; this means
that one can represent E by a plane cubic equation

y2 + a1y +asy = 2+ a2x2 + aqx + ag

with coefficients a; € A, the discriminant A = A(aq,...,as) being invertible in A
(for a formula giving A, see for example §5.1); the point at infinity is taken as the
origin. If a; denotes the image of a; in k, the equation

y2 + a1y + asy = 3 + aox? + duz + ag
defines an elliptic curve E over k, called the reduction of £ modulo m. Let us
now distinguish two cases:

(i) Good reduction of height 1 Henceforth called ordinary reduction — PLC

This is the case in which the Hasse invariant of E is nonzero c.f. [8]; the ker-
nel of multiplication by p on E(k) is a group E[p] of order p. We have an exact
sequence

0 — X[p] = Elp| - Elp] =0,

where E[p] — E[p] is the reduction map modulo m*P; the kernel X[p] is cylic of
order p. The group G stabilizes X[p]. If we choose a basis (e1, e2) of E[p] such that
z[p] = (e1)r,, then the image of G in Aut E[p] = GLyF), is contained in the Borel

subgroup [ ; : } . The image of I, is contained in the unipotent group [ (1) i } ;

the group I; acts on X[p] (resp. on E,) by means of a character xx (resp. xy)
with values in F). In fact:

PROPOSITION 12. (Good ordinary reduction) We have
XX = 0;—1, Xy = 1.

PROOF. The fact that yy = 1 results from the fact that G acts on E[p] via the
canonical homomorphism G — Gj. On the other hand, the product xxxy is the
determinant of the action of I; on E[p], hence equal to ¢5_1, according to what we
saw earlier more precisely, by Proposition 9 — PLC. ([

COROLLARY 7. Suppose e = 1. Then:

a) The two characters giving the action of Iy on the semisimplifcation of E[p] are
the trivial character and the fundamental character 0,_.
b) If I, acts trivially on E[p], the image of I in GL E[p] is a cyclic group of order

2For general properties of elliptic curves, see Cassels [4], Deuring [8], Roquette [22] and
Mumford [15, pp. 214-220]. For Néron models and the properties of good or bad reudction, see
Néron [16], Ogg [19] and [30].
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p — 1, representable by matrices of the form [ 8 (1) }, by means of a basis (e1, e2)

of Elp] with e1 € X[p].
¢) If I, does not act trivially on Ep|, the image of I in GL E[p| has order p(p—1).

It is representable by matrices of the form [ ; ¥ }

PROOF. Part a) is immediate. It follows that xx : Iy — T’ is surjective, so
the image of I has order divisible by p — 1. Since this image is a subgroup of the

group [ ;; T ] , its order is either p — 1 or p(p — 1). The former case corresponds
to part b), the latter to part c). O

REMARK 6. I do not know a simple criterion for recongizing whether one is in
case b) or case ¢). The question is visibly linked to one of the canonical lifting of
E.

Here is a related question: let Eg be an elliptic curve, without CM, over a
number field Ky. Denote by 3y (resp. X.) the set of places of Ky at which Eqg has
good ordinary reduction and of type b) (resp. of type c)) in the above sense. One
knows that the density of Xy UX. =1 [26, Cor. 1 to Thm. 6]; see also [MG, p.
IV-13, Exc.]. This type of problem is why I started reading this paper as a student
in (I think) 2000. — PLC Can we determine the densities of ¥y and L. 2 Is it true
that the density of Yy is 07

(ii) Good reduction of height 2 Henceforth called supersingular reduction
PLC

This is the case in which F has Hasse invariant zero; the curve F has no points of
order p, and every element of E[p] reduces to the identity element of E.
Let us write as above the equation of E in the form

y2 +a1xy + azy = 2+ a2x2 + aqsx + ag
with a; € A and A € AX. If (z,y) € E(K*P) reduces to the identity element of E,
one sees easily that ¢t = % belongs to m*P, and every element of m®P is obtained

exactly once in this way. Moreover, the composition law on the elliptic curve F
induces a formal group law

F(t,t") =t 4+t +aitt’ — as(t*t +t(t)*) + ...

with coefficients in A. (The associated formal group is the formal completion of
the Néron model of E over A.)

Let [p](t) = pt+a1(})t*+. .. be the formal power series giving multiplication by
p with respect to F' (c.f. §1.9). According too the above, the group E[p] is identifed
under (z,y) — t = § with the kernel of [p]. Since #E[p| = p?, it follows that the
height h of F'is 2, a result which one can also see directly. We may therefore apply
Proposition 9 and its corollaries. Thus:

PROPOSITION 13. (Good supersingular reduction) Suppose e = 1. Then:
a) The action of I, on E[p] is trivial.
b) There exists on Elp| the structure of a one-dimensional Fy2-vector space such
that the action of I is given by the fundamental character 0,2 _; of level 2.
¢) The image of I in GL E[p] is a cyclic group of order p*> — 1 (nonsplit Cartan
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subgroup; c.f. §2.1).
d) The image of G in GL E[p] is equal to C or to its normalizer N according to
whether k contains or does not contain IF2.

In particular:

COROLLARY 8. Let Ky be an algebraic closure of F,. The action of I, on
k1 ® Ep] is given by the two fundamental characters I, — ki of level 2.

REMARK 7. When e > 1, Proposition 11 gives information on the Galois mod-
ule E[p], under the condition that one knows the Newton polygon of the formal power
series [p](t). There is a recent Pacific Journal paper ofAlv(J,ro Lozano-Robledo which
is very much in the spirit of this remark. — PLC In view of what was shown in
§1.10, it suffices to know the valuation of the pth coefficient of this formal power
series. Here is a simple example:

Let us take p = 5, and suppose that E has the form

y? = 2% + ayx + ag with v(as) > 0 and v(ag) = 0.

We have
[5](t) = 5t — 1248a4t® + . ...

Put f = v(ag), Py = (1,¢e), P = (5,f), P» = (25,0). There are two cases to
distinguish.:

e One has f > %, i.e., the point Py lies on or above the segment PyPs. The Newton
polygon on [5](t) is PyPa. The characters of Iy which show up are the eth powers
of the fundamental characters of level 2.

e One has f < %, i.e., Py lies strictly below PyP>. The Newton polygon is the
broken line PyPy Py; the characters of Iy which show upare the fth and (e — f)th
powers of the fundamental character of level 1.

For much larger values of p, it is not necessary to exactly calculate the pth coefficient
of [p](t). It suffices to know its value modulo p; moreover one can check that this
value is equal to the Hasse invariant of the mod p reduction (and not only mod m/)
of E; this can be expressed in terms of functions of the covariants cy4 and cg using
known formulas: c.f. e.g. [8].

1.12. Representation of G defined by an elliptic curve with multi-
plicative bad reduction.

We now suppose that the elliptic curve E can be written as a plane cubic whose
reduction E is irreducible of genus zero having a single double point with split
tangent directions i.e., multiplicative reduction — PLC. The Néron model of E is
of type by, I,, — PLC. The identity component of the its special fiber is a “form”
of the multiplicative group. In other words, the identity component of the Néron
model is an algebraic group which is isomorphic to G,, over the algebraic closure
but not necessarily over the ground field: this isomorphism takes place over the
ground field iff the reduction is split iff the tangent directions have rational slope.
- PLC

To study the Galois module E[p], the simplest thing is to use the theory of the
Tate curve. The j-invariant of F has negative valuation, say v(j) = —m. There is
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then a unique g € m such that

1
j:j(Q):6+744+196884q+...

This is explained very nicely and at length by Silverman. PLC To g we may
associate the Tate curve
E(Q) = Gm/qZ'

The curves E and E(q) have the same j-invariant so since v(j) < 0, certainly
j # 0,1728 — PLC if they are not isomorphic over K there is a unique quadratic
extension K'/K over which they become isomorphic. One can show that K'/K
is unramified [again, see Silverman...]; the corresponding residual extension is the
smallest one over which the tangent directions at the double point are rational. It
follows that over K’ we have a short exact sequence of Galois modules

0— p, = Elp| = Z/pZ — 0.
Whence, as in the case of good ordinary reduction:
PROPOSITION 14. (Multiplicative Bad Reduction) The image of the inertia
0 1

ters of I; associated to this representation are the unit character and the character
0c_,.
p—1

group I in GL(E|[p]) is contained in a subgroup of type [ o } . The two charac-

As above, we deduce:

COROLLARY 9. Suppose that e = 1. Then:

a) The two characters givin the action of I, on the semisimplification of E[p| are
trivial character 1 and the character 0,_;.

b) If I, acts trivially on E[p], the image of I in GL(E[p]) is cyclic of order p —1
* 0

0 1

¢) If I, does not act trivially on Elp|, the image of I has a matriz representation

% %

0 11|

and has a matrix representation

Here it is easy to give a criterion for being in case b): this occurs iff ¢ has a pth
root in K""". Notice that this condition implies

v(j) = —v(¢) =0 (mod p).

We conclude that if v(j) £ 0 (mod p) then we are necessarily in case ¢): c.f. MG
Iv-37.

Remark: Instead of Tate curves, one could use the fact that the formal group
of E is isomorphic to the multiplicative group over the ring of integers of K’: in
particular, it has height 1.

1.13. Complements.

In all the examples treated above, one notices tha tthe characters of I; which occur
can be expressed as powers of the fundamental characters with exponents between
0 and e (hence 0 or 1 when e = 1). One can ask if this is a general fact, linked to
good reduction (or more generally, semistable reduction). The answer is yes. More
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precisely, Raynaud just well, just over 40 years ago — PLC showed the following
result: — see [21] for more details.

Let FE be a finite flat commutative group scheme over A. We suppose that F
is p-torsion and that its rank is p". Let E[p] = E(K*°P) be the group of points of E
with values in K®*°P. This is an F,-vector space of dimension h on which G (hence
also I) acts. Let V be a Jordan-Holder quotient of the I-module E[p|, and let n
be its dimension over Fp; put ¢ = p™. Then V has the structure of a 1-dimensional
IF4-vector space such that the action of I; on V' is given by a character ¢ : [; — F
of the form
=i,

where the ;s are the different fundamental characters of I; of level n and the e(¢)
are integers between 0 and e.

This result applies in particular to the p-torsion subgroup scheme of a p-divisible
group or to an abelian variety having good reduction.

One can also ask if there are analogous results for etale co/homology of any di-
mension d: the case treated by Raynaud is essentially d = 1. More precisely, let X
be a smooth, projective A-scheme, and let H be the dth etale homology group of
X/ ksev, with coefficients in Z/pZ. Let V be a Jordan-Holder factor of the I-module
H; put n =dimV and g = p™. The action of I on V is given by a character

I — F.

Is it true that one can write ¢ in the form wf(l) e wf,,(n) as above, with exponents
e(i) integers between 0 and e?

One can ask analogous questions for other mod p Galois representations, for
example those associated to Ramanujan’s 7 function: is it true that the correspond-
ing exponents e(i) are between 0 and 11?7 If so, this would permit us to apply the
arguments of §4 to this representation.

2. Subgroups of GLy(F,)

In this §, V' denotes a 2-dimensional vector space over the field F, = Z/pZ. The
group GL V of automorphisms of V' is isomorphic to GLy Fp,; we are interested in
its subgroups.

2.1. Cartan subgroups.
There are two kinds: split and nonsplit.
a) Split case:

Let Dy and D5 be distinct lines in V', so V = Dy @& Ds. Let C be the subgroup of
GL V consisting of elements s such that sD; = D7 and sDy = Ds. One says that C
is the split Cartan subgroup defined by {D;, D>}. If one chooses a basis (eq, e2)
for V with e; € D;, then the matrix representation of C' consists of the diagonal
matrices. The group C' is abelian of type (p — 1,p — 1): if p # 2, then from C we
can recover the pair of lines {Dy, Dy} from C. These are the only two lines in V/
which are invariant under C'. — PLC
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Let C; be the subgroup of matrices which act trivially on D;. This is a cyclic
. . . 1 .
group of order p — 1, with matrix representation [ 0 2 ] Such a subgroup is

called a split semi-Cartan.

Let C’ be a split semi-Cartan, and let C' = C” F)* be the subgroup generated
by C’ and by the homotheties. The group C' is the unique split Cartan containing
C’. The image of C' in the projective group PGLV = GL(V)/F) is equal to the
image of C’; it is a cyclic group of order p — 1, called split semi-Cartan of PGLV.

b) Nonsplit case

Let k be a subalgebra of End V which is a field with p? elements. The subgroup
k* of GLV is cyclic of order p? — 1. Its image in PGL B is cyclic of order p + 1.
Such a subgroup of GLV (respectively, of PGL V) is called a nonsplit Cartan.
The intersection of two Cartan subgroups is the group ' of homotheties. Their
union is the set of semisimple elements (i.e., elements of order prime to p) of GL V.

If p# 2 and if s € GLV is such that
(trs)* —4det s # 0,

the element s belongs to a unique Cartan,; this group is split iff (tr)? —4dets € IF;?
2.2. Normalizers of Cartan subgroups.

Let C be a Cartan subgroup of GL V'; we suppose p # 2 if C is split. The subalge-
bra k = IF,C of EndV generated by C' is then a commutative semisimple algebra
of rank 2 and C' = k* is the multiplicative group of k. Let N be the normalizer of
C in GLV. If s € N, the map z + szs~! is an automorphism of k; this automor-
phism is the identity iff s commutes with k, hence belongs to k this seems to use a
special case of something like the Double Centralizer Theorem — PLC and thus also
to C. We conclude [N : C] = 2. This seems to use the Noether-Skolem Theorem.
See Bourdon-Clark-Stankewicz! If C'is split and {D;, D2} are the lines eigenspaces
— PLC then the elements of N \ C are the elements s € GLV such that sD; = Do
and sDy = D;. If Cis nonsplit, the elements of N \ C are the elements s € GLV
such that s(ax) = aPs(x) for a € k, x € V: they are Frobenius-semilinear.

Let C7 and Nj be the images of C' and N in PGLV. The group NV is the
normalizer of C; in PGL V. This is a dihedral group: the semidrect product of an
order two group {1, c} by the cyclic group Cy; one has ocxo~! = 27! for all x € Cy;
every element of N7 \ C; has order 2.

PropPOSITION 15. Let C be a Cartan subgroup of GLV and N its normalizer.
Let C" be a Cartan subgroup (resp. a split semi-Cartan) of GLV contained in N.
Suppose p > 5 if C' is split and p > 3 otherwise. Then we have C' = C (resp.
c'cC).

PrOOF. Let Cy, Ny and C] be the projective images of C, N and C;. In view
of the hypotheses, C{ is cyclic of order p+1 > 2. If s is a generator of C{ then we
have s € Cy: if not, s € Ny \ C; and thus shas order 2. But two distinct Cartan
subgroups of PGL V intersect trivially. Since s € C; N C{, we thus have C = Cf,
whence C’ F) = C and the result follows. O
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REMARK 8. Proposition 15 does not extend to the case p = 3. Indeed, in
this case V' has 4 lines D1, Do, D3, D4y and the split Cartan subgroups associated to
{D1, D3} and {Ds3, D4} have the same normalizer; moreover, the latter is strictly
contained in the normalizer of a nonsplit Cartan.

Let’s explain the first claim. The normalizer of a Cartan is the collection of all
elements which stabilize the corresponding pair of lines. But if there are exactly
four lines total, the elements which stabilize any two of them must also stabilize the

other two! — PLC
2.3. Borel subgroups.

Let D be aline in V. The subgroup B of GLV of all elements s such that sD = D

has order p(p — 1)?; it has matrix representation Such a subgroup is

*
0
called a Borel subgroup of GL V; the corresponding line D is the unique line of V'
stabilized by B.

If a Cartan subgroup, or a semi-Cartan subgroup, is contained in B, this sub-
group is split and (if p > 3) then D is one of the two lines associated to the Cartan.

2.4. Subgroups of order divisible by p.

PROPOSITION 16. Let G be a subgroup of GLV of order divisible by p. Then
G either contains SL'V or is contained in a Borel subgroup of GLV .

PrOOF. Every order p element of GL V' can be represented by a matrix of the

form (1) } Jordan form — PLC, hence pointwise fixes a unique line D,. If all

of the lines D, corresponding to the order p elements of G are equal to the same
line D, then G stabilizes D there is a nice little exercise here — PLC and thus is
contained in the corresponding Borel. If there are at least two different lines D, we
can choose a basis of V' whose basis vectors lie in these lines, and then G contains

elements
|1 a |10
Tl 1Y T e 1|

But SLy(F)) is generated by these elements the general fact here is that SL,, over
a field is generated by transvections — PLC. O

2.5. Exceptional finite subgroups of PGLy(k).

In this section k denotes a field and PGLy (k) = GLa(k)/k™.

PROPOSITION 17. Let H be a finite subgroup of PGLa(k) of order prime to the
characteristic of k. We suppose that H is neither cyclic nor dihedral. Then H is
isomorphic to Ay, Sy or As. In particular H has order 12, 24 or 60 and every
element of H has order at most 5.

This result is well known when k = C, cf. e.g. [36, §68]. One can deduce it
from the fact that PGL2(C) has SO3(R) as a maximal compact subgroup, from
which it follows that H is isomorphic to a finite group of rotations of R? and thus
corresponds to a “regular polyhedron”: in this way A4, Sy and As correspond to
the tetrahedron, the cube and the icosahedron.

In the general case one can proceed in several ways. For example:
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1) One can look back at Weber’s arguments and see that they remain valid in
the general case, using the fact that the order of H is prime to k.

2) Since k has characteristic 0 one can also apply the Lefschetz principle to
reduce to k = C. Briefly: since the subgroup H is finite, the subfield ¥’ = Q(H)
of k generated by the matrix entries is finitely generated over Q and thus embeds
into C. ~PLC When k has characteristic p > 0, one can write k as the residue field
of of a CDVR A with characteristic 0 fraction field K. First enlarge k to k — this is
harmless — and then take Witt vectors. ~PLC Because H has order prime to p, a
standard argument shows that one can lift H to a subgroup of PGLs(A) and thus
also to PGLy(K), and we have reduced to the characteristic 0 case.

COROLLARY 10. Ifk has characteristic 2 or 3, every finite subgroup of PGLo (k)
of order prime to the characteristic of k is cyclic or dihedral.

This is clear.

REMARK 9. One can ask under what condition PGLa(k) contains a subgroup
isomorphic to Ay, Sq or As. The answer is the following:
a) PGLay(k) contains Ay if only if:
e There is v € k with z? +x — 1 =0 (if k has characteristic 2);
e There are y,z € k such that y*> + 2% = —1 (otherwise).
b) PGLa(k) contains Sy iff k has characteristic not equal to 2 and ther are y,z € k
with y? + 2% = —1.
¢) PGLa(k) contains As iff: there are x,y,z € k such that 2> +  — 1 = 0 and
Y2+ 22 =—1.

Note that the condition on (y, z) is always satisfied when k has positive charac-

teristic. When k has characteristic 0, it means that k is a splitting field for the

quaternions (_1(@_1). The condition on z is that k contains v/5 when it has char-

acteristic different from 2 and a cube root of unity when the characteristic is 2.
2.6. Subgroups of order prime to p.

Let G be a subgroup of GLV of order prime to p, and let H be its image in
PGL V. Proposition 16 applied in the field k¥ = F,, shows that we have the follow-
ing possibilities:

(i) H is cyclic, hence contained in a Cartan subgroup of PGLV, and a unique
one if His nontrivial; we conclude that G is contained in a Cartan subgroup of

GLV.

(ii) H is dihedral, hence contains a nontrivial cyclic subgroup C” of index 2. The
group C' is contained in a unique Cartan subgroup C of PGL V; since H normalizes
C’, it also normalizes C. Coming back to GLV, we conclude that G is contained
in the normalizer of a Cartan subgroup.

(iii) H is isomorphic to A4, Sy or As; the last case is only possible if p = +1
(mod 5). The elements of H are therefore of order 1, 2, 3, 4 or 5. We deduce
easily that if s € G, the element u = tr(s)?/det(s) is equal to 4,0, 1,2 or satisfies
u? —3u+1=0.
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2.7. Subgroups containing a Cartan.

The following result will play an essential role in §4:

PROPOSITION 18. Let G C GLV be a subgroup contianing a Cartan C (resp.
a split semi-Cartan C). We suppose p # 5 and that C is split. Then one of the
following holds:
e G=GLV; or
e (G is contained in a Borel; or
e (G is contained in the normalizer of a Cartan.

PROOF. Case 1: p | #G. By Propsition 15, G is either cntained in a Borel or
contains SL V. In the latter case, since G contains C, detG = F,, so G = GLV.
Case 2: pt #G. Let H be the image of G in PGLV. According to §2.6, it comes
down to showing that H is cyclic or dihedral, i.e., is not isomorphic to A4, Sy or
As. This is clear if p < 3. So suppose p > 5. The image C; of C in PGLV is cyclic
of order p+ 1 > 6 (because p > 7 if C is split). But none of Ay, Sy, or A5 contain
any elements of order at least 6. O

REMARK 10. If p =5 and C is split, there is a fourth possibility: the image of
G in PGLV could be ismorphic to Sy. This case is characterized by the fact that
the function s — (trs)?/det s takes on G the value 1 and does not take the value
3.

The case in which G is normal is much simpler:

PROPOSITION 19. Let G be a subgroup of GLV containing a Cartan (resp. a
split semi-Cartan). We suppose that p # 2 and that G is normal. Then G = GLV.

PROOF. Suppose p > 5. By a known result [1, IV. Thm. 4.9], the fact that
G is normal in GLV implies that G is either contained in the center of GLV or
contains SL'V. The first case is excluded since G contains C. The second case
implies G = GLV since det C = F .
If p = 3, we can identify PGL V with S4 and the image H of G in PGL V becomes a
normal subgroup of Sy. If C is split (resp. nonsplit) then H contains a transposition
(resp. a 4-cycle). It follows easily that H = Sy, so the order of G is divisible by 3.
Since G is not contained in a Borel subgroup the order of a Borel in this case is 12
— PLC, Proposition 16 shows G contains SL V', and we finish as above. ]

2.8. A criterion for G = GLV.

LEt G be a subgroup of GL V. Proposition 17 furnishes a criterion for G = GLV:
for p > 7, it suffices that G contains a Cartan subgroup and is contained in nei-
ther a Borel subgroup nor the normalizer of a Cartan subgroup. Here is a slightly
different criterion.

PRrROPOSITION 20. Suppose p > 5 and make the following hypotheses:
(i) G contains an element s with (trs)® —4dets € F}? and trs # 0.
(ii) G contains an element S" with (trs)* —4det s’ € FX \FX? and trs’ # 0.
(iii) G contains an element s” such that u = (trs”)? —4dets” ¢ {0,1,2,4} and
such that u?> — 3u+1 # 0.
Then G contains SL'V. In particular, if det : G — F* is surjective then G = GL V.
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PROOF. We again consider two cases:

a) p | #G: if G did not contain SL V', then G would be contained in a Borel subgroup
(Proposition 16) and thus the eigenvalues of all elements of G would belong to Fy,
contradicting (ii).

b) pt #G: let H be the image of G in PGL V. Condition (iii) shows that H cannot
be isomorphic to Ay, S4 or As: c.f. §2.6.

Thus H is cyclic or dihedral and G is contained in the normalizer N of a
Cartan subgroup C. If C is split, the element s’ cannot appear — not in C, because
(trs’)? — 4det s’ would be a sequare — nor in N \ C: because tr(s’) would be zero.
If C is nonsplit, the same argument shows that s cannot appear — not in C' and not
in N\ C. Case b) is thus impossible. O

Corollary [32, Lemma 4] Make the following hypothesis:
(x) For all t € F),, d € F), there is s € G such that trs =t and det s = d. Then, if
p > 5 we have G = GLV.

PRrOOF. Indeed, conditions (i), (ii) and (iii) of Proposition 20 are satisfied and
det : G — [’ is surjective. O

REMARK 11. When p = 2 (resp. p = 3) the hypothesis (%) does not force
G = GLV. It only forces G to contain the 3-Sylow subgroup (resp. the 2-Sylow
subgroup) of GLV. More precisely:
o [f p =2, then GLV 2 S3, and for G to contain an element of order 3 in GLV
it is necessary and sufficient for there to be s € G with trs = 1.
o [fp=3, then PGLV 2 Sy, and for G to contain a 2-Sylow subgroup of GLV -
i.e., a normalizer of a nonsplit Cartan subgroup — it is necessary and sufficient for
there to be s,8 € G such that

dets =dets’ = —1 and trs =0, trs’ = £1.

3. Systems of abelian representations modulo ¢

3.1. Notations.
These are as in [MG, Ch. II]. We briefly recall them:

K is a number field (i.e., a finite extension of Q), with algebraic clsoure K;

Ok is the ring of integer of K and E = Oj is the unit group of K;

Y. is the set of ultrametric places of K, and X is the set of Archimedean places;
we put X = X U D>,

K, is the completion of K at v (for v € X); U,, k,, Nv, p, are, respectively, the
group of units, the residue field, the cardinality of the residue field and the residue
characteristic of the local field K, (for v € X).

I is the idele group of K; if a € I and v € ¥, we denote by a, the component
of a at v; we have a,, € K for all v € Y and a, € U, for almost all v i.e., all but
finitely many — PLC;

C =1/K* is the idele class group of K.

We give ourselves a finite subset S of ¥ and a modulus m = (m,),ecs supported
on S, the m, being positive integers. We define U, \, as follows: the identity com-
ponent of K¢ if v € 3°°; the group U, if v € 3\ S, and the subgroup of U, formed
by elements x such that v(1 —x) > m, if v € S. The group Uy =[], Uym is an
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open subgroup of I. We put E,, = ENU, and Cy, = I/K*U,,, whence an exact
sequence

0 K*/Ey = 1/Uy— Cy — 0.
The group Cy, can also be interpreted as the group of classes (mod m) of ideals
prime to S; this is a finite group; let hy, be its order.

The projective limit l'LnCm is equal to the quotient of C' by its identity com-
ponent; according to class field theory [5], [42], this quotient can be identified with
Aut(K?*P/K), where K is the abelian closure of K in K. In particular we have,
for each m, a canonical homomorphism

Aut(K**/K) = Cpy,

which is surjective; in this way, the group Cy, may be identified with the maximal
abelian extension of K of conductor dividing m.

3.2. The algebraic groups 7, T, and Sy,.

These are the affine algebraic groups over Q defined in [MG, Ch. IIJ:

The group T is the torus w2hich represents the multiplicative group over K;
more precisely, for any commutative Q-algebra A, the group T(A) of A-valued
points is (K ®g A)*; in particular, T(Q) = K*. In more modern termninology,
this is the restriction of scalars, or Weil restriction, of the multiplicative group
G, from K down to Q. This has become quite a standard construction. -PLC

The group Ty, is the torus obtained by taking the quotient of T' by the closure
of Ey, in the Zariski topology (this makes sense because Ey,, C K* =T(Q)).

The group S, is an extension of the finite group C,, — considered as a con-
stant algebraic group, of dimension 0 — by the torus Ty,. It is equipped with a
homomorphism I/Uyn — Su(Q) rendering commutative the following diagram:

0= K*/Ey > 1/Up = Cp —0
0—Tw(Q) — Su(Q) —» Cn — 0.

3.3. Characters of T', T\, and Sp,.
Let Q be an algebraic closure of Q. If G/ is an algebraic group, the character

group X (G) is the group of Q-homomorphisms of G /0 into the multiplicative group
(G,,)/Q. This applies in particular to the groups T, Ty, and Sy; we will now make
explicit these corresponding character groups.
Let T" be the set of embeddings of K in Q. To every element of I" one can attach
a character [o] of T' [M@, §I1.1.1], and we have
[o)(z) =0o(z) ifz € T(Q) = K*.

These characters [o] form a basis of the group X (T'). Every element ¢ of X(T)
may be uniquely written as (in multiplicative notation)

v = H (0] with n(o) € Z.
ocll
We call the n(o)’s the ezponents of .
Since Ty, = T/Ey, the group X(T,,) may be identified with the subgroup of
X(T) formed by characters ¢ of the above type such that we have
o(X) = H o(z)"?) =1 for all z € Fy,.
ol
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Finally, the construction of Sy, given in [MG, §I1.2.2] shows that an element
of X (Sw) is a pair (¢, f) where ¢ € X(T) and f € Hom(I, Q") with:
i) f(z) =1 for all x € Uy, and
ii) f(z) = (X) for all x € K*.

These two properties imply that ¢(z) = 1 for all z € Ey, i.e., we have ¢ €
X (Tw). On the other hand, property ii) shows that knowing f means that we know
©.

Taking character groups on the exact sequence 0 — T, — Sy — Ciy — 0, we
get a dual exact sequence

00— X(Cn) = X(Sm) = X(Tw) — 0,

where X (C) = Hom(Cyy, Q") is just the dual of the finite commutative group Cp.
In particular, every chracter ¢ of Ty, can be extended to a character (¢, f) of Sy,
and the number of possible extensions is precisely hy = #Chy.

REMARK 12. 1) There is a natural action of Aut(Q/Q) on the character groups
X(T), X(Twm) and X (Sm) which furnishes these groups with Galois module struc-
tures; from the knowledge of this Galois module structure we can recover T, Ty
and Sy, since these are groups of multiplicative type. Again, this is very standard
nowadays: over any field K, one has a categorical equivalence between algebraic tori
over K and Galois modules whose underlying group is Z" for some n € N. —PLC
2) The chracters Sy, are morally the idele class characters of conductor dividing m
and “of type (Ap)” in the sense of Weil [39]. As Weil himself has shown, these
chracters also play an essential role in the theory of complex multiplication [40],
[30, §7] and in the arithmetic (and the homology) of varieties with equations

apzy® + ... Fapx)t =
37], [38].

3.4. Representations of Aut(K?*’/K) defined by a character of Sy,.

Let us first introduce some notation:

Let ¢ be a prime number. We say that v € ¥ divides ¢ if p, = ¢, and then we
write v | £. We put

K =][K,=K®Q.
vl

The multiplicative group K = Hv|e K¢ can be naturally identified as a direct
factor of the idele group I of K. If a € I, we denote by a; the component of a in
K/; we have ay = (ay),¢. We also put:

Ur=[]Uv and Upmw = [ Us -
v|l |l

On the other hand, we choose a valuation v, of Q extending the /-adic valuation
of Q. The completion Q, of Q for v, is an algebraic closure of Q,. We denote by O,
(resp. py, resp. k) the the ring (resp. the maximal ideal, resp, the residue field) of
vy extended to Qy; the field k; is an algebraic closure of the prime field Fy.

Every embedding o of K into Q extends by linearity to a homomorphism of
Qq-algebras o, : Ky — Qy; this homomorphism is trivial on all the components
K, of Ky except one (the one corresponding to the unique v which is equivalent to
vg o o). Conversely, every Qg-homomorphism of K, into Q; is of the form oy, for a
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uniquely determined element o € I'. Finally, if ¢ = ngr[o—]"(") is a character of
the torus T, we denote by ¢, the homomorphism of K = T(Q) into Q, defined
by the formula
ou(X) =[] o).
oel’

We will now define the ¢-adic character of Aut(K/K) attached to a character of
Sh:

Let v = (¢, f) be an element of X (Sy,), cf. §3.3. If ¢ is an idele of K, put

(1) ve(a) = fla)pe(ag ).

We obtain in this way a homomorphism v, : I — @X, and one immediately
verifies (cf. [MG, Ch. IL.2]) that it is continuous and trivial on K*; by passage
to the quotient, it defines a continuous homomorphism from the idele class group

C=1I/K* to @X, a homomorphism which is trivial on the identity component of

C since @X is totally disconnected. Using class field theory, one finally obtains a
continuous homomorphism

b s Aut(K*/K) — Q"
i.e., an f-adic character of the Galois group Aut(K?*P/K).
(One can also define 1), as the composite of the homomorphism

€0t Aut(K*P/K) — S (Qy)

cf. [MG, II-11] with the homomorphism S (Q,) — Q" defined by the character

¥.)
From the fact that f =1 on U, we have:

(2) Ve(A) = pe(a, ) = H ae(a; V)™ for alla € Uy,
oel
where the integers n(o) are the exponents of .

The image of ¢, is compact, hence contained in the unit group of @X. By
reduction modulo p, we obtain from v, a “modulo ¢ character”

1;@ : Aut(Kab/K) — k).

Being discrete and compact, the image of 1)y is a finite subgroup of k, . The formula
(2) gives:

(3) Yy(a) = H o'g(a[l)”(") (mod py) for alla € Uy,.

oel
For future use we rewrite (3) as the conjunction of the following two properties:
(31) We have 9y(a) =1 for all a € U,y if v {£.
(32) If v | £, denote by I'(v) the subset of I' formed by embeddings o : K — Q,
such that v o o is equivalent to v. If o € I'(v), o extends to an embedding of K,

into Q, and defines by passage to the residue field an embedding &, of k, into k.
We then have

Pe(a) = H Ge(a~1)™) for alla € U, m,
oel'(v)

where @ dnoetes the image of a in k.
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REMARK 13. Ifv ¢ S = Supp(m), the properties (31) and (32) entirely deter-
mine 1y on Uy, in view of class field theory, this gives the restriction of ¥y to the
inertia subgroup I, of Aut(K?"/K) relative to v:

a) If v 1 L,we have P (I,) = {1}, i.e., Yy is unramified at v;

b) If v | £, the restriction of e to I, is the product of the characters o — ao(a™t)
(o € T'(v)) using the exponents n(c). (Notice that, according to Proposition 4 of
§1.5, each of the characters a — G¢(a™!) is a fundamental character of the tame
inertia group atv.)

3.5. Converse: passage from a system of characters modulo ¢ to an
element of X (Sy).

In the following statement, L denotes an infinite set of prime numbers. For
each ¢ € L, suppose given a continuous homomorphism

00 : Aut(K*P/K) — k)
we identify ;, via class field theory, with a homomorphism I — k;°.

PROPOSITION 21. Suppose that ther is a family of integers n(o,t), where o
ranges over I' and £ over L, such that:
i) the aboslute values of the n(o, ) are bounded by an integer N independent of o, ¢;
it) for all £ € L and all a € Uy, we have

(4) Ou(a) = ] oe(az )™ (mod py).

oel
Then there exists 1) € X (Sm) such that 1y, = 0, for infinitely many .

PROOF. Since the n(o, ) can only take finitely many values and L is infinite,
there is an infinite subset L’ C L such that the n(o,f) are independent of ¢ for
¢ € L'; we denote by n(c) this common value n(o, £)¢cr and let ¢ be the character
of T having the exponents n(o). We will see that ¢ is a character of Ty, i.e., that
x € By implies p(z) = 1. Let z be a principal idele of the field K. We have
O¢(z) =1 for all £ € L. On the other hand, since = belongs to U, the hypothesis
ii) shows that we have

0u(X) = [[ o)™ = p(a™") (mod py) for all £ € L.
oel’

We thus have p(z) =1 (mod py) for infinitely many values of ¢, which implies that
¢(z) = 1 (indeed a nonzero element of Q can only belong to p, for finitely many /).

Since ¢ is a character of Ty,, it can be extended (cf. §3.3) to a character
X = (¢, f) of Sy. Let x¢ be the associated mod ¢ character, and put

0y = X0, " forall £ € L.

Since x,¢ and 0, satisfy (4) with the same exponents n(c), we have ¢/,,(a) = 1 for
all a € Un; otherwise put, 6, may be identified with a homomorphism Cy — k/;
its values belong to the group Hy, ¢ of hnth roots of unity of k¢, with h,, = #Ch,.
After slightly shrinking L', we may suppose that no element £ of L’ divides hy,. If
H,, denotes the group of hmth roots of unity in Q, reduction modulo p, defines an
isomorphism Hy, — Hy e and ¢} can be lifted to a homomorphism 6} : Cyy — Hy.
Since Cy and Hy, are finite, there is an infinite subset L” C L’ such that 6}
is equal to the same homomorphism 6" for each £ € L”. We have 6" € X(Cy),
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whence 8" € X (Sy) and the character ¢ = (8”)~'x is such that ¥, = (8}) "¢ = 6,
for all £ € L, which demonstrates the proposition. O

REMARK 14. Proposition 21 concerns an infinite set of prime numbers, and
that is the form in which we will use it. It is however possible to reformulate it in
finite terms; one arrives at the following statement:

PROPOSITION 22. For m and n(o)y,er given, there is a constant ¢y such tha, if
0> 4y, and if 0 : Aut(K**/K) — k) is a homomorphism such that

0(a) = H gg(azl)”(”) (mod py) for all a € Uy,
oel’

there is a unique character ¥ = (@, f) of Sm such that Yy = 0 and the exponents of
@ are equal to the n(o).

Moreover, the constant ¢y can be effectively calculated in terms of K, m and
the n(o).

3.6. Application to certain systems of /-adic representations.

Let P denote the set of prime numbers. In what follows, (ps)scp will denote
a system of f-adic representations of K: for each ¢ € P, we are given a finite-
dimensional Q,-vector space V; and a continuous homomorphism

pe: Aut(K/K) — GLV,.

We suppose that the p, are semisimple, rational [MG, I-9] and form a strcitly
compatible system [MG, I-11]. LEt us recall that the last two properties are
equivalent to the existence of a finite subset S, C X satsifying the following two
properties:
(i) If v € ¥\ S, and ¢ # p,, the representation p, is unramified at v.

We may thus speak of the Frobenius element F,, ,, of Im(p;) attached to an
extension w of v to K [MG, I-7]. Its conjugacy class depends onl on v; in particular,
if t is an indeterminate, the polynomial

P, (t) = det(l —tFy ,,)

depends only on v and /.
(ii) For all v € ¥\ S,, there is a polynomial P,(t) € Q[t] such that P,(t) = P, ,,(t)
for all £ # p,.

Here are two consequences of (i) and (ii):

(iii) The V4 have the same dimension, say d.

(iv) For all £ € P, Im(p,) is compact, hence leaves stable a Z,-lattice T; of V;
[MG, I-1]; it follows that, for all & € Im(p,) the coefficients of det(1 — t«r) belong
to Z¢. In view of (ii), the coefficients of P,(t) belong to Z; for all £ # p, and thus
are elements of Z[p%].

Examples of systems (py) satisfying the above conditions:

(1) The system defined by an elliptic curve (cf. §4 and [MG, Ch. IV]);

(2) The system () attached to a linear representation ¢q : Sy, — GL4 of the
algebraic group Sy, [MG, II-19]; note that this system is abelian, i.e., for all £,
Im(py) has abelian image, so that ¢, may be identified with a continus homomor-
phism from Aut(K??/K) into GL V.

We return to the general case. Let £ € P, and as above let Ty a Z-lattice which
is stable under Im(p;). The group Aut(K /K) acts on T;/¢Ty; we denote by V the
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semisimplifciation of Ty /¢Ty, and we denote by g, the corresponding homomorphism
Aut(K/K) — GLVj; this is a degree d linear representation of Aut(K /K) over the
field Fy. According to Brauer-Nesbitt [6, §82.1], the isomorphism class of the rep-
resentation p, does not depend on the choice of lattice Tp; by abuse of language we
will say say that V; is the reduction modulo ¢ of pe-

If p; is abelian, we may diagonalize it after extending scalars from Fy to its
algebraic closure ky (cf. §3.4); we obtain d characters

0 Aut(K*/K) — k), i=1,...,d.

Cassels noted in his MathReview that this is a bad choice of notation, because
0 has been used for something else in §1. In the endnotes to this paper in his
collected works, Serre mentions this and agrees with it. For now I have maintained
the original notation. -PLC
As usual we will identify these characters with homomorphisms I — k.

We come now to the main result of this section:

THEOREM 6. Let (p;) be a system of semisimple £-adic representations having
properties (i) and (ii) above. Suppose that there is an integer N and an infinite
subset L of P satisfying the following property:

(x) For all € € L, the reduction py of pe modulo ¢ is abelian, and, for any associated
character Hy) :1— k) there are integers n(o,{,i)scr less than N in absolute value
such that 4
9;1) (a) = H ar(ay )™ (mod py) for all a € Uy,
oel
Then the system (pg) is isomorphic to the system (@) associated to a representation
o : Sm — GLg defined over Q (cf. example 2 above).

In particular:
COROLLARY 11. For all £ € P, py is abelian.

The remainder of this section is devoted to a proof of Theorem 6. ~PLC

In view of (%), the (Hél))geL satisfy the hypotheses of Proposition 21. There is
thus an infinite subset L, C L and a character (1) of Sy, such that 1/;?) = 921) for
all £ € Ly. Similarly, applying Proposition 21 to (952))4€L1 we obtain an infinite
subset Ly C Ly and a character ©(®) of Sy, such that 1/3@2) = 9§2) for all £ € Ls.
Continuing in this way, we finally obtain an infinite subset L’ of L and characters
@, i=1,...,d, of S such that ¢ = 6" for all £ € L.

Let ¢ be the Q-representation Sy, — GLg4 given by the direct sum of the d
one-dimensional representations corresponding to the characters (). If v € & \ S,
let f, be an idele whose vth component is a uniformizer of Ky and whose other
components are equal to 1, and let F, € Su(Q) be the image of f, under the

canonical homomorphism € : I — Sy (Q) [MG, II-11]; we have p(F,) € GLg(Q).
LEMMA 7. Ifv e 3\ (S,US), then det(1 — tp(F,)) = P,(t).

Proor. Put
d

Pl(t) = det(1 — to(F,)) = [ [(1 = t(F)).

i=1
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If £ # p,, we have »()(F,) = 1/J§i)(fv) according to the formula (1) of §3.4; if
moreover £ belongs to L', we deduce that

YO (F,) = 0 (f,i) = 6 (f,)  (mod py),
whence

Pity=]Ja =10 (f)) (mod py).

But the Héi)( fv) are the eigenvalues of the Frobenius element associated to v in the
representation py. Thus we have

[T -6 (£.)) = Pu(t) (mod 0),
whence
Pl(t) = P,(t) (mod p,), if L€ L', {+# p,.

Since this congruence holds for infinitely many values of ¢, we deduce that P/ (t) =
P,(¢). O

Lemma 7 shows in particular that the trace of the matrix ¢(Fy) belongs to
Q for all v € £\ (S, US). As the F, are dense in Sy, for the Zariski topology, it
follows that ¢ is definable over Q [MG, 11-16, Prop. 2]. In other words, there is a
linear representation

©o Sm — GLd

of Sm, defined over Q, such that ¢ and ¢ become isomorphic after ext3ension of
scalars to Q. If £ € P, denote by ¢, the f-adic representation attached to ¢g. If
ve X\ (S,US) does not divide ¢, we have — by [MG, II-20] and then by Lemma
7 — that

Pyg, () = det(1 — tp(Fy)) = Py(t)

=Py p, (t>
The two representations ¢y and p, are therefore compatible in the sense of [MG,

I-10]. As they are also semi-simple, it follows that they are isomorphic (loc. cit.,
which completes the proof of the theorem.

4. Elliptic curves (general results)

4.1. Notation; recalled facts.

In this §, K is a number field and E/f is an elliptic curve, equipped with a rational
point ! — PLC, taken as the origin; we denote by j the modular invariant of E.
For everything pertaining to K (resp. to E) we keep the notation of §3 (resp. of
the introduction). In particular, if n is a positive integer, we denote by F[n| the

kernel of multiplication by n on F(K), and we denote by
¢on : G = Aut E[N]

the homomoprhism which gives the action of G = Aut(K/K) on E[n].
Alongside of the FE[n|, it is useful “commodious” — PLC to utilize the Tate
modules Ty and V; of E [MG, p. I-3]. Recall that for £ € P, we put

. n 1
T, = lim E[¢"] and V; = TZ[Z] =T, ®z, Qu,
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and that T, (resp. V;) is a free Zy-module (resp. a Qg-vector space) of rank 2. The
group GL Ty is isomorphic to GLa(Z¢) and is compact and open in GL Vj, which is
isomorphic to GL2(Qyg). The @ define a continuous homomorphism

pe: G— GLT, C GLV,.
REMARK 15. 1) We have

Vo/Ty = J0 T/ T, = | J El"] = E[¢>].

From this we deduce a homomorphism GLT, — Aut E[{>°] which is in fact an
isomorphism, as one verifies immediately; this allows us to identify py with the
homomorphism wy defined in the introduction.

2) One knows IMQG, p. I-11, IV-5] that the (-adic representations py are rational
and form a strictly compatible system; the corresponding exceptional set is the set
Sk of places of K at which E has bad reduction (c.f. [30] as well as [MG, IV-5]).
More precisely, if v € X\ Sg and £ # p,, the representation py is unramifed at v
and the corresponding polynomial P, ,,(T') is given by

Py (T) =1 = Tr(F,)T + NoT?;

in this formula, F, is the Frobenius endomorphism of the elliptic curve E, deduced
f’l’O7ZL E by reduction modulo v, and Tr(F,) is the trace of F,,. The number of points
of E, over the finite field k, is linked to Tr(F,) by the formula:

#E,(k,) =1+ Nv—Tr(F,).
4.2. Surjectivity of the ;.

Now we will demonstrate the main results announced in the introduction.

THEOREM 7. Suppose that the elliptic curve E has no complex multiplica-
tion over K. Then, for almost every prime number {, the homomorphism ¢, :
Aut(K/K) — Aut E[{] is surjective.

(Otherwise put, the Galois group of the “/-torsion field” is almost always isomor-
phic to GLa(Fy).)

The proof consists of several steps:
a) Reduction to the semistable case

After replacing K by a finite extension, we may suppose (and we will in what
follows) that E has good reduction at every place v € ¥ such that v(j) > 0 and
multiplicative reduction at every place v such that v(j) < 0 (it suffices, for example,
to adjoin to K the coordinates of the 12-torsion points of E). Thus the Néron model
of E over Ok has every fiber either an elliptic curve over an extension of a torus
by a finite group: it is semistable in the sense of Grothendieck and Mumford.

b) Structure of the groups ¢,(G)

In what follows, we will suppose that there is an infinite subset L of P such that
vi(G) # Aut E[{] for all £ € L and seek to show that F has complex multiplication.
By removing a finite subset from L we may assume that every element of L is at
least 7 and is unramified in K.
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Let £ € L, let v be a place of K lying over £, and choose a place w of K ex-
tending v; let I, be the corresponding inertia subgroup of G. The local study of
§1, applied to the field Ky, gives the structure of the subgroup ¢(I,,) of v¢(G):

if, at v, F has ordinary good reduction or multiplicative bad reduction, then
©e(I,) has order £ — 1 or £(¢ — 1), and one can represent it matrices of the form
[ ; (1) ] or [ S ; }, c.f. §1.11, Corollary to Proposition 12 and §1.12, Corollary
to Proposition 14;

if, at v, F has supersingular good reduction, then ¢,(l,,) is cyclic of order
02— =1, cf. §1.12, Proposition 13.

In the first case, ¢y(G) contains a split semi-Cartan subgroup, and in the second
case it contains a nonsplit Cartan subgroup. Moreover, we have ¢¢(G) # Aut E[/]
by hypothesis. Proposition 18 leaves us with the following two possibilities:

i) ¢¢(G) is contained in a Borel subgroup or a Cartan subgroup;
(ii) ¢¢(G) is contained in the normalizer of a Cartan subgroup C; and is
not contained in C,.

We will now show that ii) can occur for only finitely many values of ¢ (if F does
not have complex multiplication):

c¢) Elimination of case ii)

Let £ € L be of type ii) above, with ¢y (G) C Ny and ¢¢(G) ¢ Cy. We may uniquely!
PLC identify N,/C, with the group {£1} and denote by €, the composition

G — Ny — Ny/Cy 5 {:El}.
This is an order 2 character of Gj it corresponds to a quadratic extension K of K.
LEMMA 8. The extension Ky /K is unramified.

PROOF. Let v € ¥, let w be an extension of v to K, and let I,, be the cor-
responding inertia subgroup We must show that €)y(l,,) = {1}. We distinguish
three cases:
v1) We have p, = £. We saw above the structure of ¢y(I,,): it is either a split
semi-Cartan subgroup or a nonsplit subgroup (the case in which ¢, (I,,) would have
order ¢(¢ — 1) is ruled out, since @y (I,,) is contained in N, which has order prime
to £). Proposition 15 then shows that ¢.(1,,) is contained in Cy, i.e., (I,,) = {1}.
vy) We have p, # ¢ and E has good reduction at v. Then ¢y (I, ) = {1}, hence
certainly e,(I,,) = {1}.
v3) We have p, # ¢ and E has bad reduction at v. In view of a), the reduction
must be multiplicative. According to Tate’s theory [MG, IV-31], we have an exact
sequence

0— ue— Ef] = Z/Z — 0
which is compatible with the action of Iy . It follows that ¢.(1,,) is either trivial

or cyclic of order £. The second case is impossible since Ny has order prime to /.
Thus we have @y(I,,) = {1}, so e(I,) = {1}. O

Now suppose that there is an infinite subset L’ C L such that, for all £ € L/,
we(G) is of type (ii). Since the unramified quadratic extensions of K are finite in
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number, there is such one such extension K’ which is equal to K for infinitely
many £ € L'.

LEMMA 9. If v € ¥ is inert in K" and if E has good reduction at v, then we
have Tr F,, = 0 and the curve E, is supersingular.

(Recall that F), denotes the Frobenius endomorphism of E, over the finite field ky.)

ProOF. If £ # p,, then @, is unramified at v; if 7, denotes the Frobenius ele-
ment associated to the extension w of v, we have Tr F,, = Trm,, (mod ¢). Suppose
moreover that ¢ belongs to L' and that K, = K’; we have 7,, € N, and, since v is
inert in K', we have €(m,) = —1, i.e., my € Ny \ Cp. But the elements of N, \ Cy
have trace zero. We deduce:

TrF, =Trm, =0 (mod £).

Since this congruence holds for infinitely many ¢ in fact we have Tr F, = 0, and
one knows that this implies that FE, is supersingular. O

Let X' be the set of places satisfying the hypotheses of Lemma 9. According to
the Cebotarev Density Theorem, the density of ¥’ is % On the other hand, one
knows (c.f. [26, Cor. 1 to Thm. 6] and [MG, IV-13, Exc.] that if E' does not have
complex multiplication, the set of places v of supersingular reduction has density
0. Thus Lemma 9 implies that E has complex multiplication in the case considered.

Variant: Instead of using the vanishing of Tr F,, and a density argument, one
could also observe that, if one extends the ground field to K’, the groups ¢¢(G)cr
become of type i), which permits the application of the arguments of d) and e)
below.

d) The case i)
Let ¢ € L be such that ¢¢(G) is of type i). Denote by
&e: G — GLy(Fy)

the representation of G deduced from ¢, by semisimplification. Because ¢y(G) is
of type i), the representation ¢, is abelian. By extending scalars from Fy to its
algebraic closure k; (cf. §3.4), one can put @, in diagonal form, and it is then given
by two characters

o) Aut(K*/K) — k), i=1,2;

as usual, we will identify the 9?) with homomorphisms from I into k,°, where I is
the idele group of K.

LEMMA 10. Let m be the modulus of K with support S = &. There is a family
of integers n(o,£,1) (i € {1,2}, 0 € T') equal to 0 or 1, such that

6" (a) = H oe(a; ")) (mod py)

oel
for alli e {1,2} and a € Up,.

(Notation as in §3; in particular, I' denotes the set of embeddings of K in Q).
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PROOF. Let us first check that ¢, is unramified at every place v € ¥ not
dividing ¢. This is clear if E has good reduction at v. Otherwise F has multiplicative
bad reduction at v; the argument used in the proof of Lemma 8 shows that the
inertia group ¢y ([,,) corresponding to v is either trivial or cyclic of order ¢; after
semisimplification such a group becomes trivial, which shows that ¢,(1,,) = {1}.

In this way the characters Héz) are unramified outside of places dividing /.
According to class field theory it is equivalent to show that Qél)(a) =1lifacUymn
and p, # £. To show (*) it thus suffices to find exponents n(o,4,¥) equal to 0 or 1
such that we have

(") Géi) (a) = H oe(a™H)™eb) (mod py) for all a € U,.
ol

We use the decomposition U, = va U,, and denote by I'(v) the set of embeddings

o : K <= Q such that v, o o is equivalent to v. The I'(v), for v | £, form a partition
of T, cf. §3.4, and the formula (') is equivalent to:

(+%) 07 (A) = ] oela™)"@4)  (mod py) for all a € U,.
o€l'(v)

The question is now local on v. From the fact that v is unramified over Q, [K, : Q]
equals the residual degree f,, = [k, : F¢] of v, and T'(v) has f, elements. Moreover,
the homomorphisms

Go:ky = ki (0 €T(v)),
deduced from the oy by reduction modulo p;, are nothing else than the disinct
embeddings of k, in the algebraically closed field k,. It then follows from local class
field theory (cf. §1.5, Proposition 4), that the homomorphisms

a— ogla') (mod p,)

constitute, as o ranges over I'(v), the different fundamental characters of level f,
of the tame inertia group of K,. The formula (xx) is thus equivalent to saying that
the restriction of 9@1) to the inertia group I, at v is the product of the fundamental
characters of level f, with exponents 0 or 1. Thus this assertion results from the
explicit determinations of §1.11 and §1.12. More precisely there are three cases to
consider:

dq) E has ordinary good reduction at v. According to the Corollary to Proposition
12, the restrictions of the 9;1) to Iy are either trivial or the fundamental character
I, — F of level 1. In the first case, we take all the exponents n(o,¢,4) equal to 0,
and in the second all equal to 1.

d2) E has supersingular good reduction at v. According to Proposition 13b), the
restrictions of the 951) to I, are the two fundamental characters x(") and x(? of
level 2; moreover, Proposition 13d) shows that k, contains Fyz2, so that & and
x?) are obtained by composing the fundamental character

9g2_1 I, — ]P‘ZQ

with the two embeddings 7(!) and 7(2) of Fy2 into k;. We then take

)

n(() é ’L) — if gy eXt dw (2)
y Xy = ends 7T
0 OtherW’se7
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which proves the assertion in this case.
ds) E has multiplicative bad reduction at v. According to the Corollary of Propo-
sition 14, the situation is the same as in case d;. O

e) End of the proof of Theorem 2

In view of b) and ¢), we may suppose that ¢¢(G) is of type i) for all | € L. The
system of f-adic representations

pg:G—)GLVz

satisfies the hypotheses of Theorem 1 of §3.6, the integer N of that result being
taken equal to 1; this follows from Lemma 10 and from the fact that the p, are
rational, semisimple (and even irreducible if E has no complex multiplication, cf.
MG, IV-9, §2.1] and form a strictly compatible system. The corollary to Theorem
1 then shows that the p, are abelian, which by [MG, IV-11] implies that E has
complex multiplication. QED.

4.3. Questions.

We suppose that E has no complex multiplication. Theorem 2 shows the exis-
tence of an integer N such that ¢,(G) = Aut E; for all primes £ > N. Can we
effectively determine such an N as a function of the coefficients of an equation
of E? This seems likely; however, it seems that one would first need to establish
an effective form of the Cebotarev density theorem, which has not yet been done.
(When F is explicitly given, one can often determine N simply by revisiting the
method of proof of Theorem 2; we will see some examples in §5.)

The following question appears more difficult: can we take N to be an integer
depending only on K, and not on E? For example, can we take N = 19 when
K = Q7 One can hope that the methods of Manin and Demjanenko, based on
properties of heights of points of E, will give an answer to this kind of question.

4.4. Image of ¢.

The family (p;)scp defines a continuous homomorphism

p:G— [ GLT, = [ GLa2(Z0);
lepP lepP

this is essentially the homomorphism ¢, : G — Aut E, of the introduction.

THEOREM 8. If E has no complex multiplication, then p(G) is an open subgroup
Of HKEP GL Tz .

This results from Theorem 7 of §4.2 and the proposition proved in [MG, IV-19].
As we have already indicated, Theorem 8 is equivalent to:

THEOREM 9. The index of v, (G) in Aut E[n] remains bounded as n varies.
This implies:

COROLLARY 12. For almost every £, p(G) contains the Lth factor GL T, of the
product [ ,cp GLT,.

We will make this result more precise later on: c.f. Theorem 10 below.
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COROLLARY 13. Let K%°¢ be the subfield of K obtained by adjoining to K
all roots of unity. The image of Aut(K/K) under p is an open subgroup of
[LepSLT:.

ProOOF. We know that the composite of the maps
pe: G — GLT; and det : GLT; — Z

is the ¢-adic character x¢ : G — Z, giving the action of G on the ¢"th roots of unity
i.e., the cyclotomic character — PLC [MG, I-3 and I-4]. Since Aut(K/K%¢) is
the intersection of the kernels of the x,, we deduce that the image of p is the
intersection of p(G) and [],.p SLT;. The corollary follows. O

REMARK 16. More generally, let L be a subfield of K containing K¢, such
that L/K%° is Galois and solvable. Then p(Aut(K /L)) is an open subgroup of
[Iocp SLTe. This follows from Corollary 13 and the following easily verified fact:
if U is an open subgroup of [,cp SL2(Z¢), the closure of the commutator subgroup
of U is open in U. Let us note that this applies in particular to the case L = K?P.

‘We continue to assume that F has no complex multiplication. For v € X, we choose
an extension w of v to K and let I, be the corresponding inertia subgroup of G;
we denote by J, the smallest closed normal subgroup of G containing I,,; it does
not depend on the choice of w.

THEOREM 10. For almost every p, p(Jy,) is equal to the p,th factor GLT,, in
the product [],c p GLT.

(We recall that p, denotes the residue characteristic of v.)

Theorem 10 is implied by the following more precise statement:

THEOREM 11. Put £ = p,. Suppose £ > 5, @ : G — Aut E[{] is surjective, E
has good reduction at v, and v is unramified over Q. Then p(J,) = GLT}.
(In view of Theorem 2, the above hypotheses hold for almost every v.)

PROOF. Since E has good reduction at v, the inertia group I, acts trvially
on Ty for ¢/ # £, and thus the same holds for J,. The group p(J,) is thus a
subgroup H of the the factor GL T} of the product [[,.p GLT;. The image H of
H in Aut E[¢] = Aut T, /¢Ty is a normal subgroup of ¢,(G) = Aut E[¢]. Since v is
unramified over Q, the corollaries to Propositions 11 and 12 of §1.11 show that H
contain either a split semi-Cartan or a nonplsit Cartan. In view of Proposition 17
of §2.7, we thus have H = Aut E[(]. Now let H' be the closure of the commutator
subgroup of H: we have H' C SLT, and the image H' of H' in SL E[{] is the
commutator subgroup of H, i.e., SL E[f]. Applying [MG, Lemma 3, IV-23] to H’
we deduce that H' = SLT,. On the other hand, the fact thtat v is unramified over
Q implies that x,(I,,) = Z, , and the image of H under the map

det : GLT; — 7

is thus equal to Z,. Since we just saw that H contains the kernel SL T} of this
homomorphism, it follows that H = GLTj. O

REMARK 17. Assuming only that E has good reduction at v, one can show that
p(Jy) is an open subgroup of the p,th factor GLT,, in the product [[,cp GLT,.
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4.5. Curves with complex multiplication.

As indicated in the introduction, this case has been known for a long time. I'm
going to limit myself to rapidly summarizing the main results, referring to [9], [10],
[30] or [34] for more details:

Let R = Endy(FE). We suppose that R # Z, in which case it is an “order” in
the imaginary quadratic field F = Q ® R. We suppose that the elements of R are
defined over K; their action on the Lie algebra of E i.e., on the tangent space at
the origin — PLC is given by a homomorphism R — K; by passage to the fracion
field, this allows us to identify F' with a subfield of K.

If¢ € P,weput Ry =7y,® R and F; = Qy ® F. The Tate module T} is a
free, rank one Ry-module [30, §4] and Vp is an Fy-vector space of dimensoin 1. The
image of G under

rhoy: G — GLT),

commutes with the elements of R, hence is contained in R;*. [Thus i]t is abelian,
and one can identify it with a homomorphism

pe:1— R),
where I is the idele group of K.

THEOREM 12. There is exactly one continuous homomorphism e : I — F* such
that
e Forallx € K*, e(x) = Ng/p(z) and
e Foralll € P and a €1, pe(a) = €(a)Nk,/F, (a;h).

This is a reformulation — essentially due to Weil [39], [40]; see also [30, §7] — of
classical results.

COROLLARY 14. The image of G under p is an open subgroup of the product
eer B7-

PROOF. Since € is continuous for the discrete topology on F' — PLC; its kernel
is open, hence contains a subgroup Uy, for a suitable m (if one takes the smallest
possible m, its support is the set of places at which E has bad reduction, cf. [30,
Cor. 1 to Thm. 11]. It suffices to show that p(Uy) is open in [],.p R;*. Now, for
a € U,,, by Theorem 5 we have

Ve e P, pela) = NKZ/FZ(ae_l).
We are thus reduced to showing that the map
NKZ/FZ : UZ,m — RZ

is open for all ¢ and surjective for almost all £, which is well known. O

REMARK 18. 1) Corollary 14 is the analogue of Theorem 8. There is also a
(partial) analogue of Theorem 10: for almost every v, p(J,) is equal to the compnent
of R coresponding to the place of F' induced by v; we note however that if £ splits
in F, this component is not equal to R} .

2) One can show that every homomorphism € : 1 — F* satisfying the conditions of
Theorem 12 corresponds, as above, to an elliptic curve E g such that End (E) is
an order of F'; moreover E is unique up to isogeny.



44 2. GALOIS PROPERTIES OF POINTS OF OF FINITE ORDER ON ELLIPTIC CURVES

5. Elliptic curves (examples)

The object of this § is to explicitly determine, for certain elliptic curves E, the set
of prime numbers ¢ such that ¢,(G) = Aut E[(].

5.1. Notation.

The curve E is given as a nonsingular cubic:
(5) Y? + arzy + asy = ©° + axx® + asx + ae,
the point at infinity being taken as the origin. We put, following Néron and Tate?:

by = a% + 4as, by = aras + 2a4, bg = (lg + 4ag,

1
bg = a%ag — aiasay + 4asag + a2a§ — ai = 1<b2b6 - b%),
cy = b3 — 24by, cg = 36byby — by — 216bg,

1
A = b3 — 27b7 + bg(36by — b3) = ﬁ(cf; —cd);

the modular invariant j of E is equal to %.

Throughout this section (except for §5.10) the base field is the field Q of rational
numbers, and (5) is chosen to so as to give a standard model of E in the sense of
Néron [16] i.e., a minimal Weierstrass model! — PLC. In particular, the coefficients
ai,...,Cg are integers.

We denote by Sg the set of p € P at which E has bad reduction; this is the
set of prime divisors of A; we have Sg # @, cf. Shafarevich [23] or Ogg [18]. We
denote by N the conductor of E, in the sense of Weil; for the definition, see Weil

[41], Ogg or [29, §2.4]; we have
N = H pn(P)

PESE
with n(p) > 1 and even n(p) € {1,2} if p > 5.
If p ¢ Se, we denote by E(p) the reduction of E modulo p, and by ¢, the trace
of its Frobenius endomorphism. We have
t,=1+p— A,
where A, = #E(p)(F,).
5.2. Remarks on ¢;(G).

We have at our disposal a certain amount of information about the subgroups
wi(G) of Aut E[¢]:

(i) Their inertia subgroups are essentially known, cf. §1.

(ii) Every p ¢ Sg U {¢} gives a Frobenius element 7, € ¢/(G), well-defined up to
conjugacy, such that

Trun, =t, (mod ¢)and detm, =p (mod ¢).
(iii) The homomorphism det : p;(G) — F,* is surjective; indeed, its image is the
Galois group of the £th cyclotomic field.

3Here Serre makes reference to a mildly different normalization due to Ogg. Since this
paper was written, the Néron-Tate normalization has become completely standard, so I will not
reproduce Serre’s footnote. — PLLC
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(iv) v¢(G) contains an element ¢ with eigenvalues {1, —1}; this is furnished by com-
plex conjugation (relative to an embedding of Q < C). It follows that, if £ # 2,
then ¢ (G) is not contained in a nonsplit Cartan subgroup of Aut E[f].

The information furnished by (ii), combined with Proposition 20, is sometimes
sufficient to show that ¢,(G) = Aut E[¢]. We take for example the curve

E:y2—|—y:z3—z2

of conductor 11. We have #E(2)(Fy) = 5 and #E(3)(F3) = 5), whence:

Tras =ty =1+2—-5= -2, detm =2, (Tr7r2)2 —4detmy = —4,
and

Trog=t3=1+3—-5=—1, detm3 =3, (Trms)? —4detmg = —11.
Suppose ¢ > 13 and (171) = —1. Then one of the numbers —4, —11 is a square
modulo ¢ and the other is not. Moreover the elements

u = Tr(m3)?/ det w3
satisfies:
u fquiv0,1,2,4 (mod ¢) and u*> —3u+1#0 (mod ).

All of the conditions of Proposition 20 are thus satisfied by ¢¢(G). We conclude
that, for such an ¢ (e.g. 13, 17, 23, 29, ...), we have v;(G) = Aut E[¢]. This is
essentially the method followed by Shimura [32]; it has the inconvenience of only
applying to values of ¢ satisfying certain congruences and cannot give a result valid

“for almost all ¢”. We will see in §5.5 that one can obtain, with a little calculation,
a more complete result, by making use of information of type (i) above.

5.3. The particular cases { =2 and ¢ = 3.

These cases are well known. We recall them briefly:
a) £ =2
The curve E has three points of order two, of which the z-coordinates {e1, ea, €3}
are solutions of the equation
422 + box? + 2byx + bg = 0.
The square root of A can be expressed in terms of the e; by:
Az = +4(e; —ea)(ea —e3)(es — e1).

The group Aut E[2] & GLgy F» can be identified with the group S5 acting by per-
mutation of indices on {ej,ez,e3}. Denote by € : S3 — {£1} the “signature”
homomorphism. Composing @3 : G — AutE[2] with €, we obtain a homomorphism
from G to {£1} which corresponds to an extension of the base field of degree at
most 2. The formula above shows that this extension is the one defined by Az. In
this way, for ¢2(G) to be contained in As, it is necessary and sufficient that A be a
square (when j # 1728, this is equivalent to saying that j — 1728 is a square, since
2
j—1728 = .

a) £ =3
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The curve E has eight points of order 3, which come in four mutually inverse
pairs. Their z-coordinates x; (1 < i < 4) are the roots of the equation

3zt + bgl‘g + 3b45€2 + 3bgx + bg = 0.

The group (Aut E[3])/{%£1} = PGLy(F3) may be identified with the group Sy act-
ing by permutation of indices on {x1,...,24}. There are three ways to decompose
{1,2,3,4} into disjoint subsets {4, j} and {k,¢}; each of these decompositions cor-
responds to a cube root of A via the formula

A3 = by — 3(xixj + xrxe).

Let ¢ : S4 — S3 be the homomorphism giving the action of S; on the three
decompositions above; according to the above formula, this homomorphism is the
one that gives the action of G on the three cube roots of A. In particular, the order
of p3(@) is divisible by 3 iff A is not a cube (when j # 0, this is equivalent to
3

saying that j is not a cube, since j = %4)

One will find further information on the case £ = 3 in Neumann [17, §1]. Let
us mention that one can also express A7 in terms of the coordinates of the points
of order 4 of E.

5.4. Semistable curves.

In this §, as well as the following one, we treat the simplest case, in which the
Néron model of F is semi-stable. This means (cf. §4.2) that, if F has bad reduction
at a prime number p (i.e., if p € Sg), this bad reduction is of multiplicative type;
one thus has

vp(§) = —vp(A) <0, where v, is the p-adic valuation of Q.

By passage to an unramified extension of Q,, (that one could take to be equal to
Qp(v/—ce) the curve E becomes isomorphic to the Tate curve attached to j (§1.12).
The conductor N of E is the product of the primes p appearing in Sg; it is
squarefree.
We will see that, for sucha curve, the presence of a point of order £ is essentially
the only obstacle to ¢¢(G) = Aut E[¢]. More precisely:

PROPOSITION 23. Let E)q be a semistable elliptic curve, and let £ be a prime
number. Suppose: a) p; # Aut E[¢]; and
b) Either ¢ # 2,3,5 or { does not divide v,(j) for some p € Sg.
Then:
(i) ©¢(G) is contained in a Borel subgroup of Aut E[¢];
(i) The G-module E[{] has a Jordan-Hélder sequence with quotients isomorphic to
ZJZ and pue;
(i1i) t, =1+ p (mod ¢) for allp € P\ Sg.

proof of (i): Suppose first that there is p € Sg such that v,(j) # 0 (mod £).
By [MG, IV-37], ¢;(G) contains an element of order ¢, coming from the inertia at
p. According to Proposition 16, it follows that py(G) is either contained in a Borel
or contains SL E'[¢]. However in the latter case one would have ¢,(G) = Aut E[/],
since det : ¢;(G) — F) is surjective — cf. §5.2 — and that would contradict the
hypothesis a). This gives (i) in the case considered.

Now suppose £ > 7. According to what we saw in §1 (applied to the ¢-adic field
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Qy), the group ¢¢(G) contains either a nonsplit Cartan or a split semi-Cartan. In
view of Proposition 18, there are only three possibilities:

1) v¢(G) is contained in a Borel;

2) ¢(G) is contained in a nonsplit Cartan;

3) w¢(QG) is contained in the normalizer Ny of a Cartan C, and is not contained in
Cy.

Case 2) is imposisible, cf. §5.2. So is case 3): indeed, the composition G —
0e(G) = N¢/Cp = {£1} would give an unramified quadratic extension — cf. Lemma
?7?. Thus only case 1) remains, which completes the proof of (i).

Proof of (ii): Suppose that ¢;(G) is contained in a Borel. First of all we have:

LEMMA 11. The curve E either has ordinary good reduction at £ or multiplica-
tive bad reduction at £.

PRrROOF. If not, E would have supersingular good reduction and ¢,(G) would
contain a nonsplit Cartan, c.f. Proposition 13; but a Borel subgroup does not
contain a nonsplit Cartan. O

Now let Ly be a G-stable line in E[¢]. The action of G on Ly and Ly = E[¢]/L; is
given by characters
X1, X2 G — F;a

and @y can be represented as [ %1 ; } It remains to determine x; and xa.
2
LEMMA 12. The characters x1 and x2 are unramified away from £. One of the

two is unramified at £.

PROOF. If p # ¢ and p ¢ Sg, the representation @, is unramified at p, hence
so are x1 and ys. If p # £ and p € Sg, one checks easily using Tate curves that the
inertia group of ¢;(G) at p is either trivial or has order ¢; either way, the image
under 1 and xs is trivial. On the other hand, Lemma 11 shows that at £ one has
either ordinary good reduction or multiplicative bad reduction. According to the
corollaries to Propositions 12 and 14, it follows that one of the two characters x1,
X2 is unramified at /. U

proof of (ii): This is now immediate. Indeed, Q admits no unramified extension
of degree greater than 1, and thus every unramified character of G is trivial. We
thus have either x; = 1 or yo = 1. As the product xix2 is the mod ¢ cyclotomic
character y, we see that we have

x1=1Lxa=xorxi=xxz2=1,
or equivalently

L1 = Z/[Z7 L2 = e OT L1 = e, LQ = Z/ZZ

REMARK 19. In the first case, E has a rational point of order £; in the second
case, the curve E' = E /Ly has a rational point of order £; we note that E' is linked
to E by an isogeny of degree £.

proof of (iii): We maintain the above notation. Let p ¢ Sg, p # ¢, and let
7p € po(G) be the Frobenius element (well-defined up to conjugacy). We have

ty =Trmy, = oy, +a, (mod £),
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where «j, (resp. a;) denotes the eigenvalue of a; on the subspace L; (resp. the
quotient Lo) of E[¢]. Since Ly @ Ly is isomorphic to Z/¢Z & p,, we have {a;,, o} =
{1, p}, whence

(6) t,=14+p mod/{ for allp ¢ Sg,p # ¢,

which shows (iii) for p # ¢. (Conversely, if (6) holds for almost every p — or even
for a set of p of density 1 — then the semisimplification of E[¢] is isomorphic to
ZJUZ & pe: cf. MG, IV-6, Exercise].)

It remains to show that when ¢ ¢ Sg, the above formula is still valid when
p = £, or in other words that t, =1 (mod ¢). We distinguish two cases:

(iiiy) £ = 2.

According to Lemma 11, the elliptic curve E(2) obtained from E by reduction
modulo 2 has ordinary reduction; it thus has exactly one point of order 2; this point
is rational over Fy. Thus #FE(2)(F,) is even, which shows that

Ay =142—t,=0 (mod 2), ie.,ta =1 (mod 2).
(iiig) ¢ > 3.

Suppose first that Ly & Z/¢Z, i.e., F has a rational point of order ¢. By
reduction modulo ¢ this point gives an element of order 1 or ¢ of E(l). The first
case is in fact impossible: we saw in §1.11 that the inertia group at ¢ acts on the
kernel of reduction modulo £ be means of the fundamental character of level 1, and

this character is nontrivial for ¢ > 3 since its image is F;. Thus E(¢)(F;) has a
point of order £, whence:

Aj=14¢—t,=0 (mod¥), ie,tp=1 (mod ¥).

Now suppose that Ly = Z/¢Z. We use the curve E' = E/L; instead; since t, is
unchanged under isogeny, this gives the desired result.

REMARK 20. The argument used above to treat the case p = £ can also be used
in the case p # L: a point of order £ of E gives by reduction modulo p a point of
order ¢ of E(p), which shows that A, =1+ p —t, is divisible by £.

Let us now give some applications of Proposition 23.

COROLLARY 15. Let p be the smallest prime number at which E has good
reduction. We have ¢o(G) = Aut E[(] for all € > (\/p+ 1)2.

PROOF. Arguing by contradiction, we suppose that £ > (\/p + 1) and that
©i(G) # Aut E[¢]. Since p > 2, we have £ > 1 +2+2y/2 >> 5, and Proposition 23
shows that the integer A, = 1+ p — t,, is divisible by £. We thus have A4, > ¢ >
1+p+2,/p, sot, < —2,/p, contradicting the “Riemann hypothesis” for E(p). O

(One obtains in this way an effective upper bound on the primes ¢ for which

pe(G) # Aut E[d]).)
COROLLARY 16. We have ¢;(G) = Aut E[¢] if £ = 11 or 17.

PROOF. If not, one of the curves E and E' = E/L; would have a rational point
of orde r¢, which is known to be impossible for ¢ = 11 and ¢ = 17, cf. [2], [20]. O

Of course, after Mazur’s work done a few years later, we know that Corollary 77
applies for all ¢ > 7. — PLC
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5.5. Semistable curves: numerical examples. The examples of §5.5 and
§5.7 are taken from a list of elliptic curves of small conductor which Swinnerton-
Dyer generously gave to me.

5.5.1. Consider again the curve

Y2y =% — 22

of conductor N = 11 (cf. §5.2). We have A = —11, j = —2'2/11, thus
vi1(j) = —vn(A) = -1,

which shows that condition b) of Proposition 23 is satisfied for all ¢. It follows
that @¢(G) = Aut E[{] provided that for some p # 11, A, = 1+ p — ¢, is not
divisible by ¢. Since Ay = 5, this holds for all ¢ # 5. The case ¢ = 5 makes for
an exception: the point (0,0) has order 5, and the group ¢5(G) is a “semi-Borel

subgroup”, representable by matrices of the form *

1
0
The curve 5.5.1 corresponds to the modular group T'1(11). It is linked via a
5-isogeny (made explicit by Vélu [35]) to the curve
5.5.2. Consider the curve

v 4y =222 - 102 — 20 (A = —11°, j = —22313/115,
which corresponds to the group I'g(11), c.f. Shimura [31]. For this latter curve we
have p¢(G) = Aut E[¢] for all £ # 5, and ¢5(G) is a split semi-Cartan ( (1) 2 )
5.5.3. Consider the curve
Vhayty=a>—o;N=2-T,A=-2%7; j = ;7576
We have A3 = 6, hence ¢y(G) = Aut E[(] for all £ # 2,3. The cases ¢ =2 and £ = 3
give exceptions: the groups ¢2(G) and ¢3(G) are semi-Borel subgroups ( (1) : )
5.5.4. Consider the curve
—33432
2713
We have Az = 7, hence ¢;(G) = Aut E[¢] for all ¢ # 7. The case £ = 7 gives an

exception: (1,0) is a point of order 7; the group ¢7(G) is a semi-Borel.
5.5.5. Consider the curve

Y 4ay+y=a—2>-32+3;, N=2-13; A=-2713; j =

~ —193?
28327
We have As = 8, hence ¢¢(G) = Aut E[¢] for all £ # 2. The case { = 2 gives
an exception: (—1,3) is a point of order 8; the group ¢2(G) is representable by
1 %
0 1)
5.5.6. Consider the curve

V4aoy+y=ad+2® 4z +5 N=2-3-7, A=-28327; 5

21233

37
We have Ay = 5 and A3 = 7, hence py(G) = Aut E[¢] for all £. (Note that here the
point (0,0) has infinite order; the same holds in the following examples.)

v ry=2®—x; N=37; A=37, j=
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5.5.7. Consider the curve
_212
43 -
We have Az =5 and Az = 6, hence ¢(G) = Aut E[¢] for all ¢.
5.5.8. Consider the curve

Vry=a2>+a2% N=43;A=—-43; j =

—3353
53
We have A = 4 and Az = 7, hence ¢¢(G) = Aut E[¢] for all ¢.

vV +aoy+y=a3—2% N=53;A=53j=

In the last three examples, we have ¢,(G) = Aut E[¢{] for all £ € P. One can ask (the
question was posed to me by Tate) if we have more generally that ¢, (G) = Aut E[n]
for all n > 1, or equivalently, if the homomorphism

Yoo : G — Aut Eftors] = H GL; Z,
tep

is surjective. The answer is negative.
PROPOSITION 24. For every elliptic curve E over Q, the image of
Yoo : G — Aut E[tors]
is contained in an index 2 subgroup of Aut Eltors].

PrROOF. For a € Aut E[tors], denote by a, the image of a in Aut E[n]; for
n = 2, we have Aut E[2] & S5, and the signature e(az) of ag is defined. We saw in
§5.3 that, for every s € GG, we have

e(pa(s)) = xa(s),

where x4 : G — {£1} is the character of G defined by the extension Q(v/A).
Since every abelian extension of @ is contained in a cyclotomic extension, one can
find an integer m (e.g. 4|Al) such that xa is the composition of the canonical
homomorphism

G — Aut(Q(¢m)/Q) = (Z/mZ)*

with the Kronecker symbol a € (Z/mZ)* (%) The above formula can thus be
rewritten in the form

et2(5) = (5

det @, (s)
This shows that ¢ (G) is contained in the subgroup Ha of Aut E[tors] consisting

of elements a such that
A
e(az) = (det am>'

It is clear that Ha is an open subgroup of index 2 in Aut E[tors], qed. O

) for all s € G.

(When E is one of the curves 5.5.5, 5.5.6, 5.5.7, one can show that ¢, (G) = Ha.
In particular, the homomorphisms p, : G — GL T} are surjective for all £.)
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5.6. Nonsemistable curves: the groups ®,.

When E is not semistable at a prime number p, we need to introduce a certain
nontrivial finite group ®, which measures the failure of semistability at p; this
group plays an essential role in the representations

¢ G — Aut E[(], for ¢ # p.

We define it differently according to whether j is, or is not, integral at p.

a) Definition of ®, when j is integral at p
Then there is potentially good reduction at p, and we can apply results of Serre-
Tate [30, §2]. We denote by I, the inertia subgroup of G at p (well-defined up to
conjugagy). According to [30], the action of I, on the E[n] for p { n acts through
a certain finite quotient ®,:

I, » &, — Aut E[n],

and ®, — Aut E[n] is injective if n > 3. If Q™" is the maximal unramified extension
of Qp, one can also interpret ® as Aut(L/Qy"), where L is the smallest extension
of Q™ over which £ acquires good reduction [30, p. 498, cor. 3]. Moreover
[30, p. 497, proof of th. 2], ®, is isomorphic to a subgroup of the automorphism
group of the elliptic curve E fis obtained from E,; by reduction. In view of the
known structure of automorphism groups of elliptic curves, we are led to consider
the following three cases:

a1) p # 2,3. The group ®,, is then cyclic of order 2, 3, 4 or 6. More precisely, one
checks on the Néron model [16, p. 124-125] that:

#D,=2 < Eisof typecy < v,(A)=6 (mod 12),
=4,8 (mod 12),
=3,9 (mod 12),
#D,=6 < Eisof typecy or cs < v,(A)=2,10 (mod 12).

The field L is obtained by adjoining to Q™" the 12th roots of A.
az) p = 3. The group @, is cyclic of order 2,3,4,6 or is a non-abelian semi-direct
product of a cyclic group of order 4 by a normal subgroup of order 3.
az) p = 2. The group ®, is isomorphic to a subgroup of SLy(F3). Its order is
2,3,4,6,8 or 24.

In the latter two cases, knowing v,(A) is not sufficient to determine #®,. One
can merely say that one has

#P,0,(A) =0 (mod 12),
since the valuation of A becomes divisible by 12 in the field L.

#®0, =3 < Eisof type cs or cg <= vp(A
#®0,=4 <= Eisoftypecyorc; <= v,(A

. -

b) Definition of ®, when j is not integral at p

Over Q,, the curve F is obtained from the Tate curve with the same j-invariant
by twisting via the quadratic extension L = Q,(y/—¢g); under our assumption that
E is not semistable, this extension is ramified at p. Its Galois group is the group
®,, that we're interested in; as above, we view it as a quotient of the inertia group
I,; we have @, = {£1}. If s € I, has image €(s) = £1 € ®,, the automorphism
we(s) of E[f] (¢ # p) has both eigenvalues equal to e(s): it is the product of €(s)
and a unipotent element.
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Application to the case in which po(G) is contained in a Borel subgroup

Let ¢ be a prime number such that ¢,(G) is contained in a Borel subgroup, and
let x1,x2 : G — F; be the corresponding characters. By class field theory, one can
identify x1 and xo with Dirichlet characters

x1:(Z/fLZ)* = F) and x2 : (Z] f2Z)* — F},

where f; and f, are the conductors of y; and xs. Let us write f; in the form
Hpeppnl(p). The group (Z/f1Z)* decomposes as a product of (Z/p™ (P)Z)*. The
restriction of 1 to the pth factor (Z/p™ (P)Z)* will be called the p-component of
X1, and denoted x1,,: knowing X1, is equivalent to knowing the restriction of x;
to I,. In the same way we define the p-component 2, of x2. Let S denote the
subset of S consisting of the primes p at which F is not semistable. We then have:

PROPOSITION 25. (a) The characters x1 and X2 are unramified away from
{L} U Sy. For allp ¢ {£} U SE, we have

t, =x1(p) (mod ?),

p=xa(p)xa(p) (mod ).
(b) Suppose £ > 5. Let p € Sp \ {¢}. Then the image of x1,p (resp. x2,p) in F) is
isomorphic to the group ®,; this is a cyclic group of order 2, 3, 4 or 6.
(c) Suppose £ ¢ Sg. Then one of the characters x1 and X2 is unramified at £. If
we denote this character by oy, we have

tp, = ag(p) + pay(p)™  (mod ¢) for all p ¢ Sgk.

PROOF. The assertion (a) is shown by arguments already used several times
above. In (b) the hypothesis £ < 5 serves to insure that an automorphism of an
elliptic curve which fixes a point of order £ must be trivial; in view of the preceding,
this implies that x1,, and x2,, map ®,, injectively into F,*. The group ®,, is therefore
cyclic, and of order 2, 3, 4 or 6. The first assertion of (c) is shown by observing
that E has either good reduction of height 1 at ¢ or multiplicative bad redeuction,
and applying propositions 12 and 14 of §1. The congruence

tp = e(p) + pae(p)”!  (mod ¢) for p ¢ S

follows from (a) since p # ¢. The remaining case is p = ¢ ¢ Sg, in which we
must prove that t; = as(£) (mod ¢). First notice that the reduction E of E at /
has height 1, hence contains a unique subgroup of order . Moreover, one knows
that the Frobenius endomorphism 7, of E acts on the subgroup in question via
multiplication by t,. The desired formula follows easily from this, via an arugment
analogous to the one used in §5.4; we leave the details to the reader. [

COROLLARY 17. Suppose £ ¢ Sg and £ > 5. Then the @, are cyclic. With the
notation of (c), the order of ay is the least common multiple of the orders of the
®,; in particular, we have a}® = 1.

PrOOF. The cyclicity of the ®, follows from part (b). On the other hand,
the order of the character ay is the least common multiple of the orders of its p-

components, i.e., of the orders of the ®,; since these are divisors of 12, we have
12
o = 1. g
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COROLLARY 18. Let £ > 5 be a prime of good reduction for E such that pe(G)
is contained in a Borel subgroup. I have made the hypotheses more explicit here. —
PLC Let p be the least prime number at which E has good reduction. Then:

< (yp+1)%
PROOF. According to (c), we have
p=2z+pz ' (mod ¢)

where z is a 12th root of unity in Fy. Let d be the order of z, let S;(X) be the
dth cyclotomic polynomial, and let T,,(X) = X 2 T,X +p. The above congruence
shows that S4 and 7T}, have a common root modulo ¢. Their resultant R is thus an
integer divisible by £. We can decompose R in the form

R=][E-0@ ()
where z and 2’ are the two roots of T}, (the eigenvalues of 7,) and ¢ runs through
the set of primitive dth roots of unity. We have |z| = |2'| = \/p and [(| = 1, whence:

0 <|R| < (vp+1)*, where n = deg Sy = p(d).

Since d | 12 we have (D) < 4 and thus |R| < (y/p+1)®. Since ¢ | R, we have the
same inequality for £. |

We give an application of Corollary 18:

PROPOSITION 26. Suppose that j ¢ Z; let po € P be such that vy, (j) < 0.
Let p be the least prime at which E has good reduction. If £ ¢ Sg, €1 vy, (j) and
0> (/p+1)%, we have p(G) = Aut E[(].

(Here again we get an effective upper bound on the £ for which ¢,(G) C Aut E[¢].)

ProOOF. Evidently we have ¢ > 5. It follows that ¢ { 2vp,(j). So there is
an extension of Q,, of degree at most 2 over which £ becomes a Tate curve; the
valuation of j in this extension is vy, (j) or 2vp,(j), hence is not divisible by ¢.
According to [MG, IV-20], the inertia group of ¢¢(G) at py contains an element
of order £. If we had p¢(G) € Aut E[¢], the group ¢y(G) would be contained in a
Borel subgroup, which is impossible because of Corollary 18 above. a

5.7. Curves with nonintegral j: numerical examples.
5.7.1. Consider the curve
v =3+ 2% —x; N =2%5; A =215 j=21/5

There is multiplicative bad reduction at 5 and vs(A) = 1. The group ¢;(G) thus
contains an element of order ¢ and, if it is distinct from Aut E[¢], is contained in
a Borel subgroup. On the other hand, there is bad reduction at 2, and one can
check? that the corresponding group @ is cyclic of order 3. One thus concludes (cf.
§5.6) that if (@) is contained in a Borel subgroup, and if £ > 5, the corresponding
characters x1, x2 : G — F,* have a 2-component whose image in F, has order 3; but
this is impossible, since no quotient of (Z/2"Z)* has order 3. This contradiction
shows that ¢;(G) = Aut E[{] for £ # 2,3. The cases £ = 2 and £ = 3 give exceptions:
(0,0) is a point of order 2 and (1, 1) is a point of order 3.

4This can be seen, for example, by making the change of variables © = 72X 41, y = m3Y +1,
where m = 1/32; one obtains the equation Y2 +Y = X3 + 74X2 4 72X, which makes the good
reduction at the ideal (7) clear.
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5.7.2. Consider the curve
yP=a% —a2? +a; N=233; A=-213 j=2"/3

The fact that v2(A) = 4 implies that the order of ®, is divisible by 3. The same
arugment as in 5.7.1 thus shows that ¢¢(G) = Aut E[¢] for ¢ > 5. This formula
remains valid for ¢ = 3: it suffices to show that 3(G) contains an element not
contained in any Borel subgroup, and one can take for this element the Frobenius
75: one has indeed

As =8, whence Tr(rs)? — 4det(ns) =4 — 20 = —16,

and —16 is not a square modulo 3. The case ¢ = 2 gives an exception: (0,0) is a
point of order 2.

[Compare with [MG, IV-21], where the same curve is treated by a different
method, based on results of Ogg [18].]

5.7.3. Consider the curve

Vv 4+aoy=a>—z?—5 N=-3% A=-375 j= 3—15

The multiplicative bad reduction at 5 shows that, if ¢,(G) is distinct from Aut E[(]
then it is contained in a Borel subgroup. Let us suppose that this is the case and
that ¢ > 5; we denote by x1,x2 : G — F the corresponding characters. As ®3 has
order 2, we see that one of the characters x; and s is unramified away from 3 and
that its 3-component has order 2; it is then the character x — (%), and we have

t, = (g) tp (g) (mod ) for all p # 3, 5.

But Ay = 2, t; = 1 and (3) = —1; thus we have 1 = —3 (mod ¢), which is
impossible. This formula remains true when ¢ = 3; this can be seen as in 5.7.2., by
noticing that Tr(mg)? — 4 det(m2) = —7 is not a square modulo 3. The case ¢ = 2
gives an exception: (2, —1) is a point of order 2.°

5.7.4. Consider the curve

—5-293

25
The fact that vs(A) = 2 shows that @5 is cyclic of order 6. Thus there is no
character of G whose 5-component has an image of order 6 (or 3). This suffices to
show, as above, that for ¢ # 3,5, ¢;(G) cannot be contained in a Borel subgroup.
On the other hand, the multiplicative bad reduction at 2, together with the fact
that v2(A) = 5, shows that for all £ # 5, p,(G) contains an element of order £. We
then conclude that ¢¢(G) = Aut E[¢] for £ # 3,5. The cases £ = 3 and £ = 5 give
exceptions: (1,0) is a point of order 5, and F[3] contains a G-stable subgroup of

order 3, formed by the point at co and the two points with y-coordinate zero; for
all p # 2,5 we have

Vv4aoy+y=a+2> -3+ 1;N=2-5% A=-2°.5% j =

tp=1+p (mod5)andt, = (%) +p (%) (mod 3).

5 Another way of treating this curve would consist of “twisting it” by the quadratic extension
Q(v/=3)/Q; it gets transformed in this way to the curve y? + 2y +y = z3 + 22 (N = 3. 5;
A = —3-5), which has the advantage of being semistable.
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5.8. Curves with integral j.
This is the most difficult case; we no longer have at our disposal the unipotent
elements furnished by Tate’s theory.

We are led to examine the fuollowing possibilities:
(a) v¢(@) is contained in a Borel subgroup.
This case can be treated by the methods of §5.6; we get an effective bound on

(b) ¢¢(G) is contained in a Cartan subgroup.

This subgroup is necessarily split (if £ > 3), cf. §5.2; it is thus contained in a
Borel subgroup, and we are reduced to the preceding case.
(¢) ¢¢(G) is contained in the normalizer N; of a Cartan subgroup Cy and is not
contained in Cy.

This case is treated as follows. For simplicity we suppose ¢ > 5. Denote by €
the order 2 character of G defined by the composition

G — ng(G) — Ng/cg = {:l:l}

We have the following information about e:

(c1) € is unramified outside of Sg U {¢}. This is clear.

(co) If £ ¢ Sk, € is unramified at £ and €(£) = 1 or ¢(¢) = 01 according to whether
FE has ordinary or supersingular reduction at ¢. This is seen via the structure of
the decomposition group Dy of ¢y(G) relative to ¢, as given in §1.11. When the
reduction is ordinary, the inertia subgroup of D, is a semi-Cartan subgroup or a
semi-Borel subgroup; since it is contained in Vg, only the first case is possible, and
it implies that the group in question is one of the semi-Cartan subgroups of Cy (it
is here that the hypothesis £ > 5 intervenes, cf. §2.2, Proposition 15); the group
Dy is then contained in Cy, which shows at the same time that € is unramified at
¢ and that €(¢) = 1. When the reduction is supersingular, the inertia group of Dy
is a nonsplit Cartan subgroup, hence equal to Cy, and Dy is equal to Ny (§1.11,
Proposition 13); this shows that € is unramified and that e(¢) = 1.

(c3) IF E has multiplicative bad reduction at p, then € is unramified at p. This can
be checked using Tate curves.

(c4) Suppose that E is not semistable at p and that p # ¢. If the corresponding
group @, (§5.6) has order 2, 3 or 6, then ¢ is unramified at p. Indeed, we must see
that the image of ®, in ,(G) is contained in Cy; but an order 2 element of ®,, has
image —1 in Aut E[{], hence belongs to Cy; on the other hands, it is clear that an
order 3 element of ®, has trivial image in N,/Cy.

(c5) If p ¢ Sk and e(p) = —1, we have t, = 0 (mod ¢). If p # ¢, this amounts to
saying that the trace of the Frobenius element m, of ¢;(G) is zero, which is clear
since , belongs to Ny \ Cy. If p = ¢, the hypothesis €(¢) = —1 implies that E has
supersingular reduction at £ (cf. (¢2) above) and one knows that this is equivalent
to t¢g =0 (mod ?).

The properties (c1) through (cq) allow us to make a list of the possible charac-
ters e. For each of them, we consider the primes p such that ¢(p) = —1 and we
search for such a p with ¢, # 0. If we find one, the condition ¢, = 0 (mod ¢) gives
an upper bound on £. If we cannot, the curve E has complex multiplication by the
quadratic field corresponding to €.
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5.9. Curves with integral j: numerical examples.
5.9.1. Consider the curve

y? =% - 202 —a; N=2", A=2"; j=2°.7%

The fact that vo(A) = 7 shows that the order of ®, is divisible by 12, hence equal to
12 or 24; but SLy(F3) has no subgroup of order 12; the first case is thus impossible,
which shows that @5 is isomorphic to SLy(F3). The image of ®5 in Aut E[¢], £ > 3,
is a group of order 24 which acts irreducibly; moreover, the group is not abelian and
does not contain any abelian index 2 subgroup. We deduce that ¢y(G), for £ > 3,
cannot be contained in a Borel subgroup or the normalizer of a Cartan subgroup;
since moreover it contains either a Cartan subgroup or a semi-Cartan subgroup
(coming from the inertia at ¢), Proposition 18 shows that ¢,(G) = Aut E[¢] for
¢ > 3 (For £ = 5, we must moreover check that ¢,(G) contains an element s such
that Tr(s)?/ det(s) = 3, which is done by taking s = 73; we have A3 = 6, whence
Tr(m3)?/ det(m3) = 22/3 = 3 (mod 5). The case £ = 2 gives an exception: (0,0) is
a point of order 2.
5.9.2. Consider the curve®

Y=a4+6x—-2 N=20.3% A=-20.35% ;=293

There is bad reduction at 2 and 3. The fact that v3(A) = 5 shows that ®3 has order
12. The image of ®3 in Aut E[2] is ®3/{£1}, which has order 6; thus certainly
v2(G) = Aut E[2]. For ¢ = 3, the fact that A is not a cube shows that ¢3(G)
contains an element of order 3 (cf. §5.3); on the other hand, we have A5 = 4,
whence Tr(ms)? — 4det(m5) = —16 which is not a square modulo 3, and ¢3(G)
is not contained in a Borel subgroup; these two pieces of information imply that
v3(G) = Aut E[3]. Now suppose that £ > 7; since ¢(G) contains ®3, ¢;(G) cannot
be contained in either a Borel or a Cartan; on the other hand, it contains a Cartan
or a split semi-Cartan subgroup (coming from inertia at ¢); Proposition 18 shows
then that ¢(G) is either equal to Aut E[¢] or contained in the normalizer Ny of
a Cartan subgroup Cy,. We will show that the latter case is impossible: that case
gives us an order 2 character

e:G— (pg(G) — Ng/c’g = {:l:l}
of G, and we would have (cf. §5.8):
(¥)t, =0 (mod ¢) if e(p) = —1 and p # 2, 3.

The character e is ramified at 3 (using the structure of ®3 and is unramified outside
of {2,3}. Let us take p = 17. Since p =1 (mod 8), the 2-component of € takes the
value 1 at p; since p = —1 (mod 3), the 3-component takes the value —1 at p. We
thus have e(p) = —1, whence ¢t;7 = 0 (mod ¢). But we find that A;7; = 24, whence
t17 = —6. The congruence above is thus impossible, whence p,(G) = Aut E[¢]. The
same argument applies to £ = 5, up to the fact that we must verify the existence
in 5(G) of an element s such that Tr(s)?/det(s) = 3; the element 7 works. In
conclusion, we have ¢,(G) = Aut E[{] for all £.

6This curve was pointed out to me by J. Vélu.
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5.9.3. Consider the curve
Vraoy=a3—2>-20 -1, N=7% A=-73 j= -3

There is bad reduction at 7 and ®7 has order 4. Let us see whether, for ¢ # 2,7,
it is possible for ¢;(G) to be contained in the normalizer of a Cartan Cy without
being contained in Cy. The corresponding character € : G — {£1} is ramified only
at 7; it is thus the Legendre symbol a +— Z. We conclude that if (%) = —1 then
tp, =0 (mod ¢). The smallest values of p such such that (2) = —1 are 3,5,13,17;
one finds each time that ¢, = 0. This suggests that £ has complex multiplication

by Q(v/—7); indeed, one knows [5, p. 295] that —35% = j(“‘T\m)7 so that E
has for its ring of endomorphisms (over Q) the ring of integers of Q(y/—7). We
deduce easily that, for £ # 2,7, ¢4(G) is the normalizer of a Cartan subgroup and
that, for £ = 2,7, ¢y(G) is contained in a Borel subgroup; in particular, we have
wi(G) # Aut E[{] for all £.

5.9.4. Consider the curve

Vraoy=at+22—22 -7, N=11%, A =—-11% j = —-11°

(This curve has the remarkable property of having a Galois stable subgroup of order
11, c.f. Vélu [35].)

There is bad reduction at 11 and ®;; has order 3. Let £ # 11; if ¢y(G) were
contained in a Borel subgroup, the two corresponding characters x1,x2 : G — F/
would have an 11-component with image of order 3, which is impossible since 11 —1
is not divisible by 3; hence ¢;(G) cannot be contained in a Borel subgroup, hence a
fortiori not in a split Cartan subgroup. It cannot be contained in a nonsplit Cartan
subgroup §5.2. It cannot be contained in the normalizer of a Cartan subgroup Cy,
as the corresponding order 2 character would be everywhere unramified (since ®11
has order 3), which is impossible. Finally, for £ = 5, ¢;(G) contains an element s
such that Tr(s)?/det(s) = 3, namely 2 (one checks that Ay = 2, whence ¢t = 1
and t3/2 = 1/2 = 3 (mod 5)). This information implies that ¢,(G) = Aut E[{] for
£ #£1, cf. §2.7. The case £ = 11 gives an exception, by virtue of the result of Vélu
cited above: we have t, = p* 4+ p” (mod 11) for all p # 11.

5.10. An example over the field Q(v/29).
In this section, the base field K is the real quadratic field Q(+/29). The ring of
integers Ok is a PID. We have

5429 |
2

Ok = Zle], where € = is the fundamental unit.

The norm of € is —1. The group of totally positive units is generated by €2 = 1+ 5e.
We take the elliptic curve
E:y? +ay+ ey =23
We have:
b2:1, b4:62, b6:€4, ngO, 6421—2462

and
A =bj4 — 270 = ¢ — 2768 = —€'0.
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The fact that A is a unit shows that E has everywhere good reduction.”
If v is a finite place of V', as usual we denote by A, the number of points of the
reduction of E at v; we have

Ay =1+ Nv —t,, where t, = Trm,.
We will need to know several values A,:
po =2,N, = 4 gives A, =6, t, = —1, Tr(m,)? — 4det 7, = —15;
po =5, N, =5 gives A, =9, t, = —3, Tr(m,)? — 4det 7, = —11;
po =7, N, =7 givesA, =6, t, =2, tr(m,)* —4detm, = —24.
We turn to the determination of the ¢,(G). We begin with some particular cases:
a) £ = 2. We have po(G) = Aut F[2]. Indeed, we have seen that Nv = 5 yields
t, = =3 =1 (mod 2), which shows that ¢3(G) contains an element of order 3. On
the other hand, A = —¢'? is not a square in K, and 5 (G) thus contains an element
of order 2, cf. §5.3.
b) £ = 3. The point (0, 0) has order 3. On the other hand A is not a cube, hence
©3(G) contains an element of order 3 (§5.3); since det p3(G) = F5, we conclude
I } We have t, =1+ N, (mod 3) for

that p3(G) is a semi-Borel subgroup (1)

all v.
c¢) £ = 29. The field Q(+/29) is contained in the cyclotomic field Q((ag). Tt
follows that det p29(G) is the set of squares in F3y. On the other hand, we saw that

—1
N, = 4 gives Tr(m,)? — 4det(r,) = —15 and <295) =1,

—24
N, = 7 gives Tr(m,)? — 4det(r,) = —24 and (29) =1.

Applying Proposition 20, we deduce that 29 (G) is the index 2 subgroup of Aut F[29]
consisting of elements of square determinant.

Suppose now that £ > 5 and £ # 29. The field Q(1/29) is linearly disjoint from
the cyclotomic field Q({;) , which shows det p¢(G) =F;*. On the other hand:

i) The group ¢¢(G) cannot be contained in a nonsplit Cartan subgroup; this is
shown as in the case of Q, using complex conjugation, c.f. §5.2, iv).

ii) The group ¢¢(G) cannot be contained in the normalizer Ny of a Cartan
subgrtoup C, without being contained in Cy. Indeed, the corresponding character
G — {£1} would be unramified (§4.2, Lemma 8): but such a character does not
exist, since Ok is principal and contains an element of norm —1, hence its narrow
ideal class group is trivial.

iii) Let us see if ¢;(G) can be contained in a Borel subgroup. Suppose this
is the case, and let x1,x2 : G — F, be the corresponding quadratic characters.
These characters are unramified away from places of v dividing ¢. Suppose first
that there is only one such place, i.e., that (2%) = —1. According to §1.11, F has
ordinary reduction at £ and one of the characters 1, X2 is unramified at v, hence
everywehre, hence is trivial (see above). We then have

t,=14+ N, (modY) if p, # L.

"The curve E was shown to me by Tate, who has obatined analogous examples over other
quadratic fields, both real and imaginary.



5. ELLIPTIC CURVES (EXAMPLES) 59

Taking N, =4, t, = —1, we have 6 = 0 (mod ¢), which is impossible since ¢ > 5.

Suppose now that there are two places v; and v, dividing ¢, i.e., that (&) = 1.
According to §1.11, F has ordinary reduction at v; and and one of the characters
X1 and xo is unramified at v (resp. at vy). If the same character is unramified at
both places, this character is trivial and the same reasoning as above shows that
this is impossible. We are left with the case in which, for example, y; is unramified
at v; and ramified at vy (in which case it is the fundamental character of height
1 at vg, according to §1.11). Such a character only exists if £ = 5. Indeed, let po
denote the prime ideal corresponding to ve. Class field theory allows us to interpret
X1 as a homomorphism (O /p2)* — F, equal to 1 at every totally positive unit;
moreover, since X1 is the fundamental character, if we identify Ok /p2 with the field
F¢, the homomorphism x; : F; — F/ obtained in this way is the identity map.
Since €? generates the group of totally positive units, we see that €2 — 1 = 5e must
be contained in po, which holds iff £ = 5.

Finaqlly, if £ # 29, the group ¢¢(G) contains either a nonsplit Cartan or a split
semi-Cartan, cf. §1.11. Combinging this information with that given in i), ii), iii)
above, we say that ¢y(G) = Aut E[{] for all £ > 7, ¢ # 29.

We are left with the case £ = 5. With current technology, this case should be
a straightforward computation. I encourage someone to give it a try. —PLC We
saw that N, = 4 gives an element 7, such that Tr(my) = —1, det(m,) =, whence
Tr(m,)? — 4det(m,) = —15. Since the 5-adic valuation of —15 is 1, we deduce from
this (cf. [32, Lemma 1]) that the image of m, in Aut E[5] is representable by the
matrix (% ; , hence has order 10. In view of what was demonstrated above, we
are left with only the following two possibilities:

51) We have ¢5(G) = Aut E[5].

52) The group ¢5(G) is a Borel subgroup { E; : } and the corresponding characters

x1 and xo are the fundamental characters relative to the places v; and vo of K of
residue characteristic 5, cf. iii) above. In terms of the t,, this last property can be
translated as follows: for each v € ¥, choose a totally positive generator «,, of the
prime ideal of Ok defined by v; then we have

tp = Trg/g(aw) (mod 5).

We will note that this congruence is satisfied when N, = 4,5,7, as one sees by
taking ., = 2,1+¢€ (or 6 —€) and 1+ 2¢ (or 11 — 2¢). This makes one think that it
is 52) which is correct and not 51 ), or in other words that ¢5(G) is a Borel subgroup
of Aut E[5]. This is indeed the case. To show it, it’s enough to dheck that E[5]
contains a Galois stable subgroup of order 5, or what comes to the same ( f. [11, p.
399]), j(E) can be written in the form (72 4+ 107 + 5)% /7 with 7 € K. And indeed
this is the case: take 7= ¢ — 14 = (=1 + €)3 /€.

In summary, one has ¢¢(G) = Aut E[¢] for ¢ # 3,5, 29.
Shimura’s curve

In [33, §7.5] (see also [32]), Shimura constructs an elliptic curve E; over K =
Q(v/29) which has properties very close to those of our curve E above: it has good
reduction everywhere [3], and the same number of points as E at places dividing
2,3,5,7,13; the traces t,(F1) of the Frobenius elements of E; satisfy the same
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congruences as the ¢,(E), that is:
ty(F1) =1+ N, (mod 3),
to(E1) = Trg (o)  (mod 5).
(The second congruence is demonstrated in [33, p. 206]; the first follows from the
expression of the zeta function of F4 given by Shimura, combined with formulas of
Hecke [13, p. 787, p.905].)

The curve E; is 5-isogenous to its Galois conjugate EY, where o denotes the
nontrivial automorphism of K. Such curves are called Q-curves and are now much
more widely studied. ~PLC The curve E satisfies an analogous property: this can
be shown using results of Fricke (loc. cit.) and by noticing that we have 777 = 125
in the above notation.

The arguments used above for E to determine ,(G) apply without change to
E;. In particular the Galois group of (F1)e is GLo(Fy) for ¢ # 3,5,29. It would be
interesting to see if Fj is igoenous (or even isomorphic) to E.

6. Products of two elliptic curves

In this §, £ and E’ denote two elliptic curves over a number field K. The notation
E[n], ©n, pe, Te, Vg relative to E are defined as in the introduction and in §4. We
use for E’ the corresponding notation E'[n], ¢, py, T}, V.

The notation relative to K is as in §3,4. In particular, the letter G denotes the
Galois group Aut(K/K).

6.1. Curves without complex multiplication.
If n is a positive integer, the homomorphisms

on: G — Aut E[n], ¢, : G — Aut E'[n]
define a homomorphism
1 G — Aut E[n] x Aut E'[n].
As det ¢, = det ¢),, the image of 1), is contained in the subgroup 4,, of Aut E[n] x
Aut E[n] consisting of pairs (s, s’) such that det s = det s’ € (Z/nZ)*.
By passage to the limit on n, we obtain a homomorphism
Yoo : G — Ay = l'glA[n],

where A is a certain closed subgroup of Aut Eftors] x Aut E’[tors]. More precisely,

one has
Aoo = H A€°°7
tepP
where Ay is the subgroup of GLT; x GLT} consisting of pairs (s, s’) such that
dets =dets’ € Z;.

THEOREM 13. Make the following hypotheses:
(i) E and E’ have no complex multiplication.
(it) The systems of L-adic representations (p¢) and (p}) attached to E and E’ do
not become isomorphic over any finite extension of K.
Later work of Faltings shows that (i) is equivalent to: E and E' are not geometri-
cally isogenous. — PLC'
Then the group ¥ (G) is an open subgroup of the group A, defined above.

The proof will be given in §6.2.
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COROLLARY 19. For each £ € P, the image of G in GL T, x GLT; under (pe, p})
18 an open subgroup of Ay ; for almost every £, this image is equal to Apes.

In particular:
COROLLARY 20. For almost every £ € P, we have ¥;(G) = Ay.

REMARK 21. 1) Hypothesis (ii) implies:
(iii) E and €' are not K-isogenous.
It is likely that (it) and (i) are equivalent; this is true when the modular invariant
j of E is not an integer [MG, IV-14]; it would be very interesting to show this in
general.
2) Suppose (i) holds. One can show that (ii) is equivalent to each of the following
conditions:
() There is no continuous character € : G — {£1} such that p is isomorphic to
€ ® pe for all £ (or for a single ¢, it comes to the same thing).
(v) There is v € ¥ such that E and E' have good reduction at v and t,(E’) #
+t,(E).
(The equivalence of (ii) and (iv) is shown by a Galois descent argument; the im-
plication (v) = (i) is immediate; the implication (ii)) = (v) follows from
Theorem 13.)
3) Let K¢ be the subfield of K obtained by adjoining to K all the roots of unity
(cf. §4.4). We can reformulate Theorem 13 as follows:

THEOREM 14. Under hypotheses (i) and (i) of Theorem 183, the image of
Aut(K /K<) in [[,ep SLTy x SLT} is open.

Let us say that two Galois extensions M and M’ of a field L are almost disjoint
if M N M’ has finite degree over L, or equivalently, that Aut(M’'M/L) is an open
subgroup of Aut(M/L) x Aut(M'/L). Theorem 14 is equivalent to:

THEOREM 15. Let K(E[tors]) and K(E'[tors]) be the subfields of K obtained
by adjoining to K the coordinates of the torsion points of E and E'. These fields
contain K. If hypotheses (i) and (ii) of Theorem 13 are satisfied, the extensions
K (E[tors])/ K< and K(FE'[tors])/K“° are almost disjoint.

6.2. Proof of Theorem 13.
We will use several lemmas:

LEMMA 13. For all £ € P, the image Gy~ of G in GLT; x GLT} is an open
subgroup of Ay

Proor. We denote by g, (resp. he) the Qg-Lie algebra associated to the ¢-adic
Lie group Gyeo (resp. Ag~). In view of the definition of Ay, b, is the subalgebra
of
EndV; x EndV,

formed by pairs (u,u') such that Tru = Tru’. We have gy C by, and the lemma
comes down to showing that gy = b,. Since E and E’ have no complex multiplica-
tion, the projections g, — End V; and g¢ — End V// are surjective. But it is easy to
find all subalgbras of h, with this property. One finds that, if g, # by, then gy is
the graph of an isomorphism of Q-Lie algebras

a:EndV, — V/
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mapping 1 to 1; this last property shows that « is determined by its restriction
to slVp. But every automorphism of the Lie algebra sl; comes from an element
of PGLy; we deduce that there is a Qg-linear bijection f : Vy — V, such that
a(u) = fouo f~! for all u € End V;, and g, is the set of pairs (u, f o f~!). The
mapping f : Vo — V// is an isomorphism of g,-modules. By Lie theory, there is an
open subgroup U of Gy such that f is an isomorphism of U-modules. If K' is the
finite extension of K corresponding to U, we see that p, and pj, become isomorphic
after extension of scalars to K’, contradicting hypothesis (ii). Thus we must have
g¢ = b, whence the lemma. (I

LEMMA 14. Let £ > 5 be a prime number. Suppose that the homomorphisms
0o : G — Aut E[{] and ¢, : G — Aut E'[{]

are surjective and that vy : G — Ay is not. Then there is a continuous character
ee — {£1} and an isomorphism of groups f : E[{] — E'[{] such that

fopu(s) =eus)gy(s)o f Vs €G.

Moreover, €; is unramified at every ultrametric place v of K which is unramified
over Q and at which E and E’ have good reduction.

PRrROOF. Put B = Aut E[¢], B = Aut E'[{], H = ¢¢(G) and A = A,. Then we

have:
HCcACBxB', H#A, pry H=B, pr, H=B'".

We identify B with the subgroup B x {1} of B x B’ and put N = BN H. Similarly
we define N’ = B’ N H. It follows from the above properties that N is normal
in B and N’ is normal in B’; moreover, the image of H in B/N x B’/N’ is the
graph of an isomorphism « : B/N — B’/N’ (cf. Bourbaki, A.I, p. 124, exerc. 7).
The keyword here is Goursat’s Lemma — PLC Because H is contained in A, we
have N C SL E[{]; one sees easily that, if N were equal to SLE[{], we would have
H = A. One thus has N # SL E[{]; as N is normal in B = Aut E[{], this implies
that N is contained in the center {£1} of SL E[¢]. Similarly we have N’ C {%1}.
The center of B/N is F, /N and the center of B'/N’ is F,/N’. The isomorphism
a : B/N — B’/N’ thus carries F,/N onto F, /N’ and induces by passage to
the quotient an isomorphism @& from the group B/F; = PGL; E[{] to the group
PGL E’[{]. But it is known that every automorphism of PGLy F, is inner. We
conclude that there is an isomorphism f : E[¢] — E’[¢] such that &(u) = fouo f~1
for all w € PGL E[¢]. This means that, if h = (u,v’) is an element of H, there is a
homothety €(h) € F,* such that

' =e(h)fouo f1.

Taking the determinant of both sides, we get €(h)? = 1, and ¢ is a mapping from
H into {£1}; one checks immediately that it is a homomorphism. The composite
of € and the homomorphism 1, : G — H is the desired character e¢,. The formula
above shows that we indeed have

Foe(s) =eu(s)py(s) o f for all s € G.
In other terms, f defines an isomorphism from the G-module E[¢] to the G-module
obtained from FE’[{] via “twisting” by €.
Let v € X. Suppose that E and E’ have good reduction at v and that v is
unramified over Q, i.e., that the ramification index e(v) is 1. We must show that
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€¢ is unramified at v. This is clear if p, # £. Suppose p, = £. Choose an algebraic
closure ky of Fy; denote by A and Ay (resp. A] and \}) the tame inertia characters
at v, with values in k,°, occurring in the Galois module E[(] ® kg (resp. E'[{] ® ky),
cf. §1.11. If we denote by €, the restriction of €, to the inertia group at v, we have
(up to permuting A} and M}):

(7) A1 = €,A] and Ay = €,\).

Since e(v) = 1, the corollaries to Propositions 12 and 13 show that the A; and A are
either trivial or fundamental characters of level 1 or 2. Their invariants in (Q/Z)’
(cf. §1.7) belong to the set

1 1 14 )

-1 -10r-1"

Since €2 = 1, the invariant of €, is 0 or %; on the other hand (7) shows that the
invariant is of the form x — 2’ with z, 2’ € X. Since £ > 5 one checks that % is not
of the form z — 2’. The invariant €, is thus equal to 0, meaning that ¢, = 1, i.e.,
that e, is unramified at v, which proves the lemma. O

X:
10,7

LEMMA 15. We have ¢¥¢(G) = Ay for almost every £.

PRrROOF. We proceed by contradiction: suppose not, and let L C P be an
infinite subset such that ¥,(G) # A[{] for all ¢ € L. After reomoving a finite subest
from L we may suppose that for all £ € L we have ¢ > 5 and the homomorphisms

0o G — Aut E[f] and ¢}, : G — Aut E'[(]

are surjective (c¢f. Theorem 7). For £ € L, let denote by ¢, the character of G with
values in {£1} defined in Lemma 14. It follows from this lemma that the €, are
unramified outside of a finite set of places of K which is independent of ¢. This
implies, as we know, that the ¢, are finite in number. After replacing L by one
of its infinite subsets, we may thus assume that ¢, is independent of £ and denote
it by e. The character e corresponds to an extension K’'/K of degree at most 2;
put G = Aut(K/K) = Kere. By Lemma 14, for all ¢ € L, E[¢] and E'[{] are
isomorphic as G’-modules. We deduce that, for v a place of K’ at which E and E’
each have good reduction, the Frobenius traces of the reductions of £ and E’ at v
satsify the congruences

ty(E) =t,(E") (mod {) for all £ € L\ {p¢}.

Since L is infinite, this implies t,(E) = t,(E’), which shows that the systems of
¢-adic representations attached to E and E’ become isomorphic over K’ [MG,
IV-15]; this contradicts hypothesis (ii). O

LEMMA 16. Let £ > 5 be a prime number, and let H be a closed subgroup of
GLy Zy x GLy Zy. We suppose that the image of H in

GL2 Fg X GL2 F[

under reduction modulo ¢ contains SLoIF, x SLoF,. Then H contains SLo Zy X
SLo Z,.

PRrROOF. Let H' be the closure of the commutator subgroup of H. This is a
subgroup of SLs Zy x SLs Z, and its image under reduction modulo ¢ contains the
derived subgroup of SLy Fy x SLo Fy, which is SLo Fy x SLy Fy itself since ¢ > 5. It
all comes down to showing that H' = SLg Z; x SLy Zy. Let X be the intersection of
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H' with SLa Z; x {1}; let Y be the set of elements of H' whose second component is
congruent to 1 modulo ¢. We have Y D X, and the quotient Y/X is a pro-¢-group.
Let Y and X be the images of Y and X in SLs F; under reduction modulo ¢ of the
first compnent. By hypothesis we have Y = SLy Fy; on the other hand, }7/5( is
isomorphic to a quotient of Y/X, hence is an ¢-group. Since SLs Fy has no proper
normal subgroup of index a power of £, we have X =Y = SL, F,. By MG, Lemma
3, IV-23], this implies that X = SLyZ, x {1}. Thus H’ contains the first factor
of the product SLs Z, x SLs Zy; an analogous argument shows that it contains the
second factor; thus it is equal to SLo Z; x SLs Zy, establishing the lemma. ([

In the following statement, J, denotes the smallest closed normal subgroup of
G containing the inertia groups at the places of K extending v, cf. §4.4.

LEMMA 17. For almost all v, Yoo (Jy) is equal to the Lth factor A of A, with
{=1p,.

Proor. Put H, = 9¥s(Jy). By Lemma 15 and Theorem 10, we have, for
almost all v:
a) H, is contained in the ¢th factor A of A, where £ = p,.
b) The projections H, - GLT; and H, — GLT, are surjective.
c) (@) = Alf]. 3
We suppose that all of the above hold and that ¢ > 5. Let H, = y(J,) be the
image of H, in Aut E[¢] x Aut E’[{] under reduction modulo ¢. By b) and c), the
two projections H, — Aut E[f] and H, — Aut E'[{] are surjective and H, is a
normal subgroup of Ay = ¥y(G). It is easy to see that these properties imply
H, = A,. Applying Lemma 16, we thus conclude that H, contains SL T, x SLy Ty,
which certainly implies that H, = Ay~. O

End of the proof of Theorem 13

Lemma 17 shows that there is a finite subset S of P such that 1., (G) contains
the factors Ay~ of Ay for all £ € P\ S. It thus suffices to show that the image of
Yoo (@) in the product of the Ay, for ¢ € S, is open, which follows from Lemma
13 combined with a standard argument on Sylow subgroups [MG, IV-24, proof of
Lemma 4].

REMARK 22. The above proof lends itself to numerical calculations of the kind
pursued in §5. For example, the reader will check that, if one takes E and E' to
be the curves 5.5.6 and 5.57 of §5.5 and K = Q, then we have ¥(G) = Ay for all
leP.

6.3. Curves with complex multiplication.
One has a result analogous to Theorem 15:

THEOREM 16. Suppose that E and E' are not K -isogenous and that at least one
has complex multiplication. Then the extensions K (FE[tors])/ K¢ and K (E'[tors])/K°
are almost disjoint.

(One could also formulate this result in the style of Theorems 13 and 14. We leave
that to the reader.

Since E and E’ play a symmetric role, it suffices to prove Theorem 16 in each
of the following caes:
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a) E’ has complex multiplication (that we may assume to be defined over
K) and FE does not. If we put L = K(E[tors]) N K(E'[tors]), the extension
L/K is contained in K(E'[tors])/K, hence abelian. If follows (cf. §4.4) that
Aut K (Eltors]/L) is an open subgroup of [],.»SLT;, hence an open subgroup
of Aut(K (FE[tors])/K¢), which shows that the extension L/K° has finite de-
gree.

b) E and E’ have complex multiplication by imaginary quadratic fields F' and
F’, which we may suppose are contained in K. Since E and E’ are not K-isogenous,
the fields F' and F" are distinct. Moreover, the aaction of G on E[tors] and E’[tors] is
abelian, described by Theorem 12. In particular, the Galois group of K(F[tors]/K
may be identified with an open subgroup of the product of the U,(F'). Theorem 16
is thus reduced to the following statement, whose verification is elementary:

Let 0, : Uy(K) — Ug(F) x Ug(F') be the homomorphism defined by N, ,p,
and Nk, r;; the image of 0y is contained in the group Hy consisting of pairs (u,u’)
such that N, /q,(u) = Npy/q,(u') and, for all £ (resp. for almost every £), 6, is an
open (resp. surjective) mapping of Uy(K) into Hy.
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